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A mathematical model with adjusting the population of
the divided city for the redistricting problem

Keisuke Hotta

Abstract

Let me consider the political redistricting problem for the single seat constituency system in the

House of Representatives. In Japan, city is the smallest unit as one component of the electoral

district. So basically it is prohibited to split the city for redictricting. However, in order to reduce the

vote-value disparity it is approved as a special case. In fact, over 20 cities were divided for redrawing

the electoral districts. Nemoto and Hotta[3, 4] treated this exception rule by proposing the pre-

allocation method, which apportions the average population via a single seat of the prefecture as

one district. In this research, I propose the mathematical model with adjusting the population of

the divided city, and compare with the pre-allocation method.
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2005 2006

2

2005 2006 4

24 [8] (2a)

14 2.1 (2b) 5 2.2

2.1 2005 1

b / 4/3c,
d / 2/3e

2.1:

6,056,159 13 621,144 465,859 310,573 569,829

12,570,904 26 644,661 483,496 322,331 665,370

841,399

692,225

624,548

653,882

8,790,900 18 651,177 488,383 325,589 1 628,638

2,431,396 6 540,310 405,233 270,156 813,780

3,792,457 9 561,845 421,384 280,923 804,067

8,817,010 18 653,111 489,834 326,556 831,111

1,957,056 5 521,881 391,411 260,941 674,605

1,467,824 4 489,274 366,956 244,638 514,944

1,842,140 5 491,237 368,428 245,619 669,541

1,753,144 4 584,381 438,286 292,191 1 598,339

127,756,815 300 567,808 425,856 283,905
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2.2:

821,589 3 365,150 273,863 182,576 269,147

8,817,010 18 653,111 489,834 326,556 200,984

796,211 3 353,871 265,404 176,936 333,407

49,916

1,360,830 4 453,610 340,208 226,805 312,308

4/3

4/3 569, 829

621, 144 567, 808

2.1 624, 548

4 [8]

5 2/3 4/3

2.3

(2b)

(2c)

(2c)

2.3:

6,056,159 13 621,144 465,859 310,573 466,408

381,016

1,111,602 3 494,045 370,534 247,023 421,156

1,012,261 3 449,893 337,420 224,947 417,986

866,402 3 385,067 288,801 192,534 206,973
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G = (V,E) V E

k( V ) pk

G dumk k ek

2.1 G̃ = (V {dumk}, E {ek})

2.1: k

k( [0, pk 1]) dumk pk 1 k

k 1 + k 2 pk

k = 0 k 1

dumk pk 1 k

k B+ B dumk

5 [b+ij ], [bij ]

q+j , qj {0, 1}- x+j , xj

5 dumk (b × 4/3c) dumk dumk

dumk k
B+, B
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min . u/l

s.t. l pk 1 k u (2.0)

l (1 x+j ) + q+j x
+
j + k (j B+) (2.1a)

q+j x
+
j + k u (j B+) (2.2a)

l (1 xj ) + qj xj (j B ) (2.1b)

qj xj u (j B ) (2.2b)X
j B+

b+ijx
+
j +

X
j B

bijxj = 1 (i N) (2.3)

X
j B+

x+j = 1,
X
j B

xj = m 2 (2.4)

x+j {0, 1} (j B+), xj {0, 1} (j B+)

u, l, k 0.
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1
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2.4: 2

2 1 1 2

8,790,900 51 18 2,251,799,813,685,250 2,651 1,021
4,503,599,627,370,490 4,946 1,580

2,431,396 31 6 2,147,483,647 37,228 4,759
4,294,967,295 230,515 18,136

3,792,457 38 9 274,877,906,943 4,082 1,445
549,755,813,887 13,110 1,925

8,817,010 63 18 9,223,372,036,854,780,000 11,186 9,499
18,446,744,073,709,600,000 27,336 21,052

1,957,056 27 5 134,217,727 474,702 15,293
268,435,455 3,560,000 62,801

1,467,824 18 4 262,143 3,024 86
524,287 5,209 117

1,842,140 27 5 134,217,727 12,820 701
268,435,455 146,756 2,246

1,753,144 34 4 17,179,869,183 4,262,860 165
34,359,738,367 51,320,176 174

1,111,602 12 3 4,095 355 22
8,191 539 22

1,012,261 15 3 32,767 150 25
32,767 3,447 50

3

1 1 10

CPLEX 11.1

CPU:Pentium4(2.8GHz) Memory 1GB PC 3.1

3.2 3.11

3.1 3

3.2, 3.5

0.02

2.153

566,460 263,089
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3.1:

[ ] [ ]

566,460 446,893 1.268 566,460 446,893 1.268

418,011 392,662 1.065 418,011 392,662 1.065

443,679 401,285 1.106 438,110 401,285 1.092

582,723 446,643 1.305 582,723 446,643 1.305

469,372 362,158 1.296 469,372 366,960 1.279

374,777 360,741 1.039 374,777 363,796 1.030

389,720 318,446 1.224 382,013 318,446 1.200

449,692 430,720 1.044 443,989 430,720 1.031

376,827 364,241 1.035 376,827 367,387 1.026

338,602 336,239 1.007 338,011 336,239 1.005

3.2 3.11

(6) (3) (3) (4) 4 3.3, 3.10, 3.11, 3.9

1

(14) (9) (18)

(5) (4) (5) 6 18 9 3.2

18 6 3.5

2

3.4 2

3.6 2

3.7 2

3.8

4

dumk

G̃ k
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3.2: 18

[ ] [ ]
18 3 5 8 9 14 15 16 17 18

1 468,227

264,450

203,777

2 446,893

221,832

84,960

140,101

3 458,414 483,404

196,787 196,787

261,627 261,627

4 453,887

204,179

249,708

5 509,091 484,101

163,511 163,511

221,777 221,777

123,803 123,803

6 471,321

210,642

171,122

58,025

31,532

7 481,469

311,654

169,815

8 476,793 500,945

127,393 127,393

221,218 221,218

128,182 128,182

9 548,331 446,893

152,334 152,334

395,997 395,997

10 474,560

295,544

179,016

11 556,772

144,513

210,493

201,766

12 566,460

205,407

207,927

153,126

13 476,031

426,162

49,869

14 487,447 550,308

259,017 259,017

228,430 228,430

15 496,858 456,479

198,722 198,722

2 39,045 39,045

44,130 44,130

62,861 62,861

67,870 67,870

50,345 50,345

1 23,060 23,060

2 10,825 10,825

16 454,687 488,383 491,239 504,156

1 140,255 488,383 124,482 504,156

168,317 168,317

100,573 100,573

45,542 45,542

17 475,276 477,755

222,349 222,349

123,708 123,708

81,758 81,758

47,461 47,461
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3.3: 6

[ ] [ ]

1 2 3 4 5 6 1 6
417,092 418,011 403,192 395,206 392,662 405,233 404,314 418,011

408,547 405,233 395,769 418,011

283,234

104,748

94,644

104,633

39,959

31,481

62,055

42,668

30,685

83,269

49,844

56,965

208,083

67,384

47,043

43,554

63,329

37,829

32,813

13,497

8,545 8,545

13,363

14,704

5,338

5,233

8,713

11,719

4,806

1 28,260

2 19,218
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3.5: 18
[ ] [ ]

18 1 2 3 4 9 18

1 478,801 464,228

99,839 99,839

79,485 79,485

138,550 138,550

160,927 160,927
2 450,426 477,105

60,929 60,929

72,576 72,576

54,148 54,148

95,621 95,621

100,392 100,392

66,760 66,760
3 483,546 453,203

63,803 63,803

83,156 83,156

73,204 73,204

132,762 132,762

130,621 130,621
4 465,416 446,643

64,126 64,126

107,295 107,295

158,998 158,998

134,997 134,997
5 532,210

178,357

353,853
6 460,677

95,115

107,410

126,478

131,674
7 555,848

169,215

386,633
8 473,964

200,490

273,474
9 468,545 489,834 480,300 515,089

341,277 489,834 316,022 515,089

127,268 127,268
10 582,723

200,984

90,312

98,876

64,686

57,617

1 44,505

2 7,239

3 18,504
11 533,569

101,643

267,976

127,132

36,818
12 451,466

77,674

117,243

177,837

61,126

17,586
13 465,854

351,803

84,997

29,054
14 446,643

147,479

241,825

57,339
15 481,647

404,004

77,643
16 482,097

123,800

77,065

118,686

65,774

58,207

38,565
17 513,744

513,744
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3.6: 5

[ ] [ ]

1 2 3 4 5 1 3 4 5
368,644 469,372 362,158 365,471 391,411 371,921 367,190 366,960 381,613

283,194 391,411 292,992 381,613

469,372

110,565 110,565

67,009 67,009

57,266 57,266

45,107 45,107

66,589 66,589

38,796 38,796

36,062 36,062

40,221 40,221

39079 39,079

43,917 43,917

51,788 51,788

32,475 32,475

37,337 37,337

6,521 6,521

14,900 14,900

16,180 16,180

11,920 11,920

10,822 10,822

15,715 15,715

1,020 1,020

14,059 14,059

17,735 17,735

1,684 1,684

22,272 22,272

14,040 14,040
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3.7: 4

[ ] [ ]

1 2 3 4 1 2 4
365,350 360,741 374,777 366,956 363,796 365,454 363,797

147,988 366,956 151,147 363,797

173,985 173,985

89,445

41,265

123,952 123,952

113,369 113,369

50,785

39,494

92,854 92,854

44,949

35,279 35,279

8,098 8,098

10,946 10,946

52,989

19,620 19,620

12,095

17,122

26,633
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3.8: 5

[ ] [ ]

1 2 3 4 5 3 4 5
318,446 382,013 389,720 383,533 368,428 379,832 379,836 382,013

301,113 368,428 287,528 382,013

136,885

37,579

55,968 55,968

29,119

71,853 71,853

57,727 57,727

51,864 51,864

38,022

32,504

63,091

29,639 29,639

51,647 51,647

96,477

1 27,543

2 12,254

1 5,626 5,626

2 40,484 40,484

30,773 30,773

61,535 61,535

1 15,024 15,024

2 25,688

89,761

13,233

26,266

63,110

8,927
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3.9: 4

[ ] [ ]

1 2 3 4 1 4
449,692 434,446 430,720 438,286 443,989 443,989

1 160,053 438,286 154,350 443,989

2 6,048

106,220

25,150 25,150

25,074

57,908

22,118

46,820 46,820

18,198 18,198

18,926

1 96,164

2 6,206

52,414

42,287

32,990

127,289

41,676

34,777

1 42,808 42,808

2 6,784 6,784

1 462 462

2 673 673

14,126 14,126

28,066 28,066

25,690

11,959

9,380

1 74,831

2 12,565

15,303

45,341

29,705 29,705

1 62,265 62,265

2 14,582 14,582
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3.10: 3

[ ] [ ]

1 2 3 1 3
364,241 376,827 370,534 367,387 367,388

50,622 370,534 53,768 367,388

181,231

46,330 46,330

54,493

34,007 34,007

42,695 42,695

49,429

33,537

58,137

94,160 94,160

53,721 53,721

42,706 42,706

3.11: 3

[ ] [ ]

1 2 3 1 3
338,602 336,239 337,420 338,011 338,011

80,566 337,420 79,975 338,011

110,080

57,268 57,268

35,495

65,217

55,753 55,753

35,929 35,929

71,178

33,666 33,666

28,794 28,794

3,537 3,537

1 25,629 25,629

2 17,460 17,460

1 30,656

2 23,613
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