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Operations in Mathematical Morphology and
Model-Construction Operators
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Abstract

Two model-constructlon operators To, Te are constructed here, which are needed to de51gn a faculties of
multi-stage recognition. A recogmtlon system can extract features from To@, T.(p instead of ¢ and therefore
can classify T¢ exactly as though T¢ were ¢.

Two operators To and Te obtained here correspond to the opening operator £ and the closing operator 4
Y respectlvely We shall show that Toe=T 0@ and Tegp =2 @@ hold good for any binary pattern ¢. The
idempotencies of four operators To, 0, Te, T @ are proved using the fact that a binary pattern is equivalent
to the corresponding characteristic function of a set. :

Key words : model-construction operator characteristic function erosion dilation opening closing

idempotency multi-stage recognition
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1. EAFE

¥R (mathematical morphology) Tl nkKjeL—2 1) v FEBRTOBE, ®vid, BikE L
- CO2oDESEEA, BSRUSK L,

A®B S - , :

= {x ER" | x=a+b for some a € A and someb € B} (the dilation of Aby B) (L.1)
ASB :

= [xER" | x+b €A for every bE B} (the erosion of A by B) (12)

L) 2EES, O BAEEME ST, HLWHFRECCREEY T, BHMEEERP[3] T,
5 (character) . TEf% (image). 5 (speech sound) %2 & D#FR% /¥ 5 —  (pattern) & v* 9 A5,
k ¢PA(X) = e

lifx€A v i '

0 otherwise . ' (1 3)
LEEEND NS — Vo, (X)] iiﬁﬁ%/\Akﬂ~ﬁ'éﬁé$%# HET R %0)}\57 AR A
DEHOEBETH 5, _

IRY — U HMMERL TV B 0% EHAL - $EBdhH L5, 3850 - 338k L. BT 2122V A7
LEAEBT DM ORFDS, FEAAREERFEOISH GERSE) & L TORBIPR2] L mbns M)fz%
X5 = HEEE (symbol) & Bele 2 DIE, BHICH L. ZOBWAE RIS 2 L1CHD, /55—
Lid, BHEDOL= 5 ) BEEBR(ERY LR -V ER) PO IBEOER*ZITTH, Zr")%ﬁd)
MEFMboTH, TOBRPRFEIND LI 2IERTH L, BeDNy -V DERLEBZDRET
%755 1) (category; 3R E) TH 5,
RELEIX, ROZKREMH L T b
OB —D AT TV IRES 5785 — Y EL 0, HEEERCRES N RN RER & Bk % I
WERTRESNAAHUNARER & 2T R 2FETIONNY — VIZEHR - RIS 20 (E
R [: normalization) ? ’
20[[]— 0)7J‘7‘:’ J k)ﬂ?ﬁ@‘%)\f’ YEERS, %@J&\/"Eﬁﬁb *ﬁs@fr% AT TY k)ﬂ?ﬁ’f%
INF— /I_H:ﬁ‘%%@Eb‘ﬁ‘%ﬁbf_%ﬁgo)#ﬂ%ﬂﬂ 7 % LB CEHE - #i 3 5 2 (FEEE;
feature extraction) ?

SO?Hin'fsé ﬂf’ﬁfiﬁgO)?ﬂ%Fﬁb‘f %@)‘«FE‘T% '(255 AT T ’i’ﬂ%ﬂi'ﬁ‘% N (%?JU classifica-

tion) ? O
KT N7 =ty — UAOEHR ; , o o . .
¢—~>To . - (1.4)

CEoT, BNY —VoEPCoNERIZZDINY — VYV EFNToEPNERENTD, HFEShsE L
£9 BVEBINE, BH#IAT LR, ZOEFNToRENRY — Vot #EETLIDEL LI,
FEFFRO B 91, ‘
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AOB= (ASB)@®B (the opening of A by structuring elementB) L (1.5)
A@B= (A®B)SB (the closing of A by structuring element B) ' v (1.6)
& EF S N5 binary morphology (2381} 5 2iHE : ' :
opening O and closing @ : ‘
R D[EGEEACR L 2A{EL NS — /(pA(x) & @I—Jﬁﬁﬁgf%_l’i'ﬁo TEHALEL. 20O %
A 5’ CEH S
» T:0— & (1.7)
DUEERT. TgREL. TR L Lfmit(l 8).(1.9). (1 12). (1 13) ZEEAL, 8y —TIE
BALBEMOBR~NER T 5L TH 5,

NEEH
ToTo<To SRR (1.8)
TeTe=Te ‘ . - (1.9)
BRILLTBY, /7 — U EROTEREME :
p=Top—ToToe (=Toe) *ToToToe (=Top) = . : : (1.10)
0—Tep—TeTe¢ (=Tep) *TeTeTe® (_T.<p)—> (1.11)

I THEEN, 258 — VERT,. TP IERLBRELBRENATIWE }_' RIS 5,
To. TOPREE, 737 — ¥ DLEBERBRFER22ISHE O L OB, FILTH 5, '
_I::L'EV)EF‘HE# gray scale morphology D¥in % EH L BANIRCE A Z LiIZWHL T iwz‘;w
S, EEOERE NS —voliit L. EEOEEERII OV TORENR :
Tola @)=Toep : (1.12)
Te(a-¢)=Te@ : ‘ B o (L13)
DEY o TWB DT, gray scale morphology@?i“ﬁ@ﬁﬁﬁ li%g_t EZBRLTHEN, EOEE
BIZEZ b D, : » ‘

2. MEEEHEME-L é&ﬁ%ﬁ

AETH, S, Suzkit HISERT 0788 — > B BENEER, Eﬂ’e Ss#m([22]ic B w'cﬂxb?&v
85—V oDHBEEODEREDTET. BRLNQIE) . Z0%k, Y —VERT SHIH72o T, 2BEHD
point operator;neighborhood operator D&\ A5 & 1L (2.28) . /$% — VEROBE DR T 5720 1C
d Y VEREGPRFER LM T RITEELRWL, 88— Vﬁﬁﬁ@kﬂﬁ@ﬁ‘éﬁﬁﬁﬁﬁ‘z
DO LB END (238 :

72, BEPREFEICBIT Sopening, c10s1ng0)2?§§75"\3\‘3§‘f§£%ﬁmx_f\/\%$%75‘3ﬁﬁ)§ a5 (24
Hi)o T =V oDRY EHRBNY -V EFNTeRERT 5T MVEBMEARTD . 3WE (EAME %
RIS T B EEWE, WIVAER) 227288 — Y EFLVTo R R T 5 2 LA/ — VERLE DS
BREEBENOBE N TH S LI EXR]BIARAT 5% 51X (2.6H). NFEELMR TR
WbV e, B S5 (2.58) o '

21 AR BENIL MEESDBIERD
"Ny — Y RBBOBFWERL L’Co) SSHE 2211k, W% (separable) [1] = }I//\)I/ b (Hilbert) 22
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@tfﬁ%éﬂfwéolck\@#Tﬁ?%%ti ﬁ$EmeTﬁ%ﬁ%A#gk#ETé_
ExiETl,
B2, SLLT. =L, (M ; dm) 2 BATVWRLBEZEL TRV, ZORK(p, 9)id.
(@, 7) =lndm(x) ¢ (x) 77 (x)
S, qEnOBEERBZTHY,
M:nRGL—2 Vv FEER OIS EE
dm(x) : IEfELebesgue-StieltjesTifl BE ‘ : (2.1)
ThH5[1].[2]e 72, 9D/ VA ‘
ol =[(g, p)]2
AEALTB ,
BIZIE, alt). bt) 259 X —FURKET 220DIEEREE & LT, /2. A%adensely defined linear
operator& L T, ' , ~
(p,m=a(t)+ (g, 1) +b(t) - (Ap, An) (2.2)

ZRRE T 5L FEHS ZEEL TH v, RQ22)DARETRAL TV 5 L F RS, T,
I oIl t=+{gp, @):=0 - :
=3H¢H—0AHA¢H—O o R - (23)

EEBELTB L,
MBONR LT B85 — /@®%A¢iEWAwaﬁ§@ %m%ﬁb%%%ﬁ%Aféémﬂ
287,

22 2DODEJ{T(EFIVBRIERR | IHEHERAF) .B(REREAFE) & . point operator,neighborhood
operator »
L&, mathematical morphology NG & XN T A ERLE 20, Wi (p,n) & LT, R(4.9)T
BRESNDIDEREATE, Z0OHFE, RQDEBVTIM, dnkx) %, &4

M=R"(nRITL— 7U/b”ﬁ) ' (2.4)
dm(x) =
1 1foI"(n1lE0)¥§ﬂ'§0)*éﬁ@§"\'C DEL).
Oif xEM—In (2.5)
EBELTWALEEZONRD, T, /7 — /Mﬂﬁ &kﬁ?ﬁﬁ%&@ &M
o(x)=0if xEM—I (2.6)
Rl TCwBEEILND, ‘

PR RE 2 (mathematical morphology) {2 B} 5 the four morphological transformations T & %

The binary morphological operations of erosion, dilation,opening and closing (8, ®, O, @)
BEEBRECIETH Y (430(1.1).(1.2).(1.5). (1.6) ZZH) . H L VEAH (set theory) Z BB L TV
Bl wrELERY,

BT, EBIE Y — o= MQ@%%LowfﬁhFﬂSﬁHﬂ“ﬂﬂ%% S
(T'p) (x) =
0 supemlokx) =00t &
¢ (x)/supyem | @(x) | .
supxem @ (x) | FO D & & . v ' 2.7)
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VXEM, 0<h(x)Sl ' ' (2.8)
73 BMERI S (x) L ZEA L, /37 — Y oD2TESR io 1 ~D2fE b E#

(To) (x) =psn (@ (x).suprem | @ (x) | —h(x)) : (29

Zic, 1EHBE S psn(w) i, : '

psn(u) = -

0--u<0 DLX
1--u=20 DL (2.10)
LEHEENBEMRT: d—dlid, point operatorTH %, K(Q2.7)DEET | d—dL R (29 DEMHT &
312, 418 Daxiom 1 Z i 725 E T VIEBERZE TH 5. —H.
(Bo) (x) fMdm(y) h(x—y) o (y) : (2:11)
ZZIC »

Jmdm(y) h(y) #0 ) o (12)
LERENBEHRB L o—~did, HlZIT. %EﬁﬁhﬁDlraccSﬁﬁﬁﬁ Z’LU‘ FOWMGEEERVDR
% . neighborhood operator T 5, :

L3R D4iEH “erosion,dilation,opening,closing” I point operators Tid 7% < . FE#RTE Dneighborhood opera-
torsTh Y, WBERLHNBANIOIAOA L 5T, ZOEHICH 5 HHRIEE L TRES NS
Za—F Ny Fﬁﬁbo)é‘Fﬁf’lﬂiﬂB@ﬁiﬁOﬁ?%L\

neighborhood min and max operators

ERAL. RO EFHFIRTVwE L, FHIIZEZ 5,

23 MENRFH)HEHDTOTEAGE
CET, RQ9) OBIERETICONWT., .
' VxEM, ¢(x) € 10, 1}

=VxEM, T(Tp) (x) = (Tp) (x) | : @)
PBY B, ko T, %M (idempotency)
T-T=T (2.14)

BRI DT DI 5B, R(2.14) OMEHEIF.
£ D gray tone pattern @2 DV T D EETH H DR HToFERTORE R THELILTHH
R . , _
RERL, N — YERERICBIT A ERTORH O MEROEEN 2 HEL T 5,
K2.11) OBBIEREBIZOWT L, FRIE, .
- d¢(F0)EH, VoES,
Bo=(p,y-lyl Dy-I wll “LoF ) B ﬂ?ﬁ?BMﬁ‘M’E%%D]T&Mi
"= B'B=B . (2.15)
D LD,

2.4 ¥IBWREF T D2E{% opening, cldsing DmEH

" The set of all the black pixels in a black and white pattern (a binary pattern) constitutes a complete description
of the binary pattern.
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(HQ.3) 2 &H)
LREXAR L HE L T gray tone pattern% AL DX & F 5 gray scale morphology [5] [10] [17]
L E7: Y| binary pattern® ¥ 9 binary morphology i, % DIFERD,
morphological operators or filters ‘ '
® LT, T % 55 (opening filter 12 & 2) L7210 | LELE8H %440 (closing filter 12X 5) LT,
ABIZ & o T b HEf#E L =9 \V shape description, B\ 3. structural representatlon TRELTV S,
Zhid, iz,
circle () =square (1IE 57%) @ rhombus ()
- =the dilation of square by rhombus :
=the dilation of rhombus by square in the Euclidean space R3 (2.16)
BRELT B L1105 bbhd, : ‘
2UEILNN Y — VMBS B O, MEEI, BRAUEL T L2023 TIR% L, BHLHHERERT
B35 — VERABC B TEFRN L REZEH- TR0 TH S,
BUTFIZ, discrete structuring elements CIRCLE, SQUARE, RHOMBUS in R2OEFEZFL L THZ 9
(1) CIRCLE ¢ (x) = R o
1-x=(%1,0), (+2,0), (0, £1), (+1, £1), (£2, £1), (0, £2), (£1, £2) DHE
0 ZDMWOBHE : ‘ s (2.17)
(2) SQUARE ¥ (x) = B ‘ h o
1--x=(x1,0), (0, £1), (%1, £1) DHE : S
0 ZDMDBE ) ' _ (2.18)
(3) RHOMBUS ¥ (x) =
1--x=(%£1,0), (0, £1) DHE

0 - ZDMDOBE - ‘ ’ ' (2.19)
; ‘ (I
The idempotency of opening and closing follows immediately as
(AOB)OB=AOB IR (2.20)
and
(A@B)@®B=A@B - © (221)
BBY o510 B | | ' | |

ARFFTIE. 230(2.20) . (2. 21)@/\#%&?%%‘@?5 > &2003%711/%&4’5)%?%\ T.z’M‘%
BEND QEEL1422BR),

25 NREZ—FEF LT
R(214), 2%9, :

. Ve (20)C$H, T(Te)=To : (2.22)
DT T B & D12 @.1H Daxiom 10 (i) # BH) , “FFIAERK EAFE (model-construction operator) ” &
I 2 R(17)DEBZRT: o—o%2 B LERATS Lk, F— 0)71 7 ') L)mET%»BZE'C%%/\
F—VERBNTAILICORNEBIDTHD, ‘

MBOXR LT HED/Y = oDEFRIBERHRATD V) AT &= /éﬁﬂdbf’é-ﬁﬁ-—* '7"3’5%
(a single global transformation) . Bl 2 iE, F4TBE)[28]. [30] (translation) . #&E/MIEAK (scaling) [26]. [l
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ﬁ(rotaﬁén) [R]TidRINELR, EELRI LI u-ﬂi TOINY — /Iﬁﬁiﬂﬁ%bil\y /U)jté
BB L TRENELBFELPAREL T ANIETH S,

1\57 YERBDBHIODERI LN — VP OOERME LTRBENRDEEZ L) 2155 —
BEEICERT S0, A—0h 7 IVIRET 535 — Yo% MOPORER NS — /L
CTELPIRBEHRRBLIILNY - EVIBDODOE (configuratlon) ’E%ﬁ'f%ﬁ(ﬁi"%ﬁ%i L&
NiE% 5% v,

S.Suzukild, L= 2 VEEERDOH 5T /N8— /q)a)Eﬂ/’i”J %Lk %%ﬂ?%iﬁ’i’/\ﬁ
EFNTeL LTHELY 2735 — v BRROBFNER[22]" 2 MEL L) L LT o, TO/NF—VF

FN TE/N S VWEHRLHET I LERELRRHTH 5 2 & (somewhat robust to small deformations and
noise) BXRFEIZHS LIV 00dh b, QQMEOD?T%&?‘ZV\F VoA L LT, IBAEE (law
of being embedded)

PEDPDTED . . R R AT (2.23)
& X% E1%E (idempotent law) , o A

T(Tg) =To for any p € & ‘ - (224)
iz, IRIVHEE (absorptive law)

T(Dg) =T for any ¢ € @, where D is a distortion operator (2.25)

2o TEFMBRERR LIFEh AR (1T DER T ook, /85— YOEHLERIEE L
T ERATAI LI, A—0a 5TV IRETARETH B/ — /%%EU@Lé LIZORDBEHEDD
THbo

ARFFE T, :‘ct(Z25)’(47)dlstort10noperatoer LTiF, 2= 7')@%‘@2?%’2*5 L'C‘/”ZC\/’ jC
B12] COME,I S b5 X )2, TE LT, it(426)f%§*sénmo%$§mLrv%%/\a_ai Pl
T 55 b M WS WIIERNHESE 2 HEHR S,

26 BERSEEEL LT ORE SRR S SHIBRA(22] [37].[44] :

235 — (pattern) & 13, HAHED =5 1) EEELEHR (EARY /85 — 7 ?%)#f‘oa%ﬁré’o)ﬂb%
ZITh, HAEOBTHMbo T, ZOBEERSRFEIND L) REHRTH 5[41], D720,
N =V EVI B0, MEGERRERZ LS 2842w, Lo T, BHE[33].[40]. #E#&[23].
[24].[44] 7% LI LT DR L/ Z — AERANIBHEE £ BB T 57201013, RBEONFETHMH
Bo, TELZEHBEL MBI TVwAEINRY—vpedllxt L, TR %2

“MboTVrHLEOMEEIMYES L) RERLBERRX LM THBY. &% %@?"‘TT

LZEBME(HTFITY)BHHEDNL &‘Jr“il%ﬁ: DT TR ETHA LI BINEZ—FFI

[27]. [29]TpE®” S . o ;
ERODLIEVPVLELEINDS,

Y —VEFLTPEPIZL o T, BT —VpE®DERIHEET 5L EXLDLRTH 5 [29],

Z5 75, BEMFEORSEEMERS LS, Y-V EWIBEERHROBE LETHIIT, B
FTHIEEZ, ThETHERTWEW[4L], 5 —TF %@iﬁ%ﬂﬁﬁ’%[n]”%’%ﬁblvtbf
W3S, Suzukil3RITIC % o T, N — VESZERICERTRR “ERAER ZREL., /¥4 —
EVIHBMAEEMIL L) & LTWw5([29], :

SEREREEL L TR ARRMIEESHEBRELIHAL IO, '

%VJT:U%mEWJ%AJ@T«f@%}%A@&T%A%Mi%%vo 762’% INE — /(p€¢
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DRETBTREOHD N7 TVEEOV A L LTRALAN S, 20y BERICHD/t5 =
ERIEAE BEZRIERR)

Aly) : o—@ ’ (2.26)
HEL, NF¥—-VEFT N Te%k. ,
TA(y)Tp=n<€® - (2.27)

EVI I, NI —VEFAINNEERTEILEEZ L, 90)223 EfTOR(2.14) TV
INRFEWIY, FEEH

, ™n=n ‘ ’ (228)
PRIZLTBY ., OBETHERERTELNLRQR) D7 — U3 EETOREE L ko T b,
J)l') hyedk, SEREFHBARICBIIIZELEBTEOHRE. HINRY, X(2.26) DEEZ

BRELZEBEIICMEI R ELTITE, BRI -V ETVORETAWBEDOSH 277 T
u DEERMELDI, BILIE, HEIBEONFTUEGIMS I LIk >T, ANSS—VpEdt,
¢ belongs to the j—th category €; . ' (2.29)

L BRBRINRTI, : A ‘ O

3. MEMEE-FR

Mathematical morphology, which is based on set-theoretic cohcepts, extracts object features by choosing a
suitable structuring shape as a probe.

AETIR, £EHOEEL LTRLELATWS 4%E3E D H (erosion, dilation, opening and closing) %
Fflin Ny —VHEEL LT, BAELETFESHHEI NS,

3.1 The binary morphological operations of erosion, dilation, openmg and closing
ET. 200%KE
I= 10, £1, =2, ---} (a set of integers) : » (3.1)
I"Cn-dimensional Euclidean space R":
" the set of n-tuples of integers (the Euclidean grid, the rectangular discrete grid) (3.2)
*E8AT 5,
£, BEBCPIE, :
(1) p(x)=1ifxEB, =0ifxEB
L EF SN binary pattern 9 L EMHTH 2 T L ICEET S, T ZICxEBIX, Tx XEABIEE 2V
DETHD, ZORIT, |
(1) a,bE {0, 1} DHA
(2.1) 0=max {a, b} =a+b—a-b€ {0, 1}
&la=0]A[b=0]
(2.2) 1=min {a, b} =ab€ {0, 1} ' -
<la=1]A[b=1]
THAHI LI, BEELTB
%it;zﬁﬁ(/f) (U)%’EOT iﬁk[S]@Wﬁwliﬁ’%ﬂiﬁf;ﬁfzgc‘:'ﬁ'égﬁﬁ‘kﬁ\ﬂ‘f@&\ 2L
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TICEEE T, %Oﬁ%’i’@xli morphological operators@%oﬁﬁgﬁ‘iﬁk[ﬂ SQUN =3 N -
DEENICGEHINELIBEVEL DD LPREND, :
RETIX, 7% —Vold, 0.10VTIDME% & Sbinary pattern'Cﬁ) VN

) o (x) € {0, 1} for annyI“ (3.3)
ELEI, '
[E#3.1] CfEfk 5 — VoD R) o
supp(9) = x€I" | p(x) =1} ' » (3.4)
%2ME{b/ ¥ 5 — > oD (support) EHER 5o ' O

3.2 erosion (REEH)
T RORXQBS)TEREINLNY — ooy HET 2. B L'C\/‘éq)lian empty setDETH 5,
- [#3.2] (B9 %R Yerosion) , ,
(pow) (x) =infi e supp(y) o (x+b), where supp (y) F¢. ' - (3.5)
J
Z ZZ, inf iFinfimum (FER). BlH., greatest lower bound (KT HR) DETH Y. bEsupp(p) 2%
ATRLNDMHe (x+b)=¢(kx— ( b)) DESIZETATRTH 5 Z D2EEH (binary operatlon) (¢9
v) (x)  fEIC,
(pOy) (x) =miny e supp(p) @ (x D). (3.6)
EECZLE 7)‘&)6 E#EIZIE. supp(y) ﬁ‘ﬁﬁﬂ%/‘\@%‘*kﬁﬂb RBSERGEDTL{EHESR
5o :
z @zs%S 250, BHIZROGEIIDVELNG,
[4r7E3.1] (poywDiE/NME)
' 0€supp(y) % & i, supp (pSy) Csupp ()
(FEH) (pow) (x) =infyesupp(y) @ (x+D)
<¢(x) " O0E€supp(y)
z75.
(poy) x)=1%5F.p(x)=1
218 C, EHMDb o7, ‘ - O
T OAUELINY = @ yhBE1DDINY — ey h BB IMER
erosion of pattern ¢ by structuring y (binary morpholog1ca1 erosion operator or filter)
EwnHZldbdhs,
Mminpequpp(y),2 X Vv ©% . neighborhood min operation& \* o FEF3.21IH L. ROEEHE

supp (@), supp (y) ~Ey (9) : 2 (3.7)
EERTH, ‘ :
[ #%3.3] (& FHYerosion)
Ew((o)
= {x €I"|x+bEsupp(¢) for every bEsupp(l/f)} » - (3.8)

22D Asupp (@), supp (y) 25 LDOEHIITER S NBH1D0DEEEw(9) 2R HRMER,
erosion of supp (@) by supp (y)
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LIEZ B, R(38)DE,(9) KDL L HITS 1 E, (¢)
= leI“IVbEsupp(vf) 3a€supp((p) :
x=a—b}. , ' ’ ‘ ' (3.9)

ROEHE3.LZ, OBBIEHEVEr(9) 2155 %Aﬁﬁ ER—ABETHH T L it L'C‘/‘%o -
(£ 383.1] (B3R erosion & E & ERifYerosion & DRIEHE) '
(poy) (x) =1 © xEE(@). .
(FEH) (poy) (x) =1
& VbEsupp(y), p(x+b)=1
= VbEsupp(y/) x+b€supp((o) '
©xER,(p). , . - o O
© &\ 23E {EE i structuring pattern & I fﬁ% wi’ﬁ@ LJ%-& L. 8y —vella L. 1EOMRAL
(thinnings) DHEEED D 5, :

3.3 dilation (B3E{E M)
EF32E L T,
[sE23.4] (B3 %A dilation) :
(@) (x) =suppesupp(y) @ (x—b), where supp (y) +¢. : : - (3.10)
Z 212, supidsupremum( EFR). B least upper bound (/b EF) DB TH Y, bEsupp(y) ZER
TSNl (—b) OREIHT 5 ERTHE 0 (poy) () &, WEILE,
(p®y) (x) =max pesupp(y) (v(x b) C (3.11)
EELZEL DB, B S
[£5FE3.2] (DY DHLTEYE)
0€ supp (¥) 7 5 1Z, supp (@) Ssupp (pdy).
(GEBA) (9@y) (x) =suppesupp(y) @ (x—D)
’ 2p(x) " 0E€supp(y)
(XN ;
p(x)=17%5Z, (pdy) (x) =1 : -
/T, AP D o7, ' ' ' DR O
2DDINE — Vo YD E1DDIY — /qpeelp%f%%%ﬁ{’ﬁi ” ~ ' '
dilation of pattern @ by structurmg pattern y{binary morphologlcal dilation operator or filter) -
Ewn)Zlkdbbhs,
Minycsupp(y)s 2 E D ©% neighborhood max operation & \* 9 o EH2. 2K L. /ﬁtd)%ﬁ'zﬁﬁ

supp (@), supp (y) =Dy (¢) SO S G
TEET Do
[#%3.5] (A& FhYdilation)
Dw((P)
= [xEPl|x= a+bforsomeaesupp((p)andbEsupp(l[/)} ' o (3.13)
R ' O
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22 DEA supp (9). supp(vf)i)‘la_t@%%3 51%%%%610@%’-‘&,,@)%1%61%1’5%
. dilation of supp (@) by supp (y) , , .
LBz 5, AN(B.13)D Dw(¢) BRDOEHCHETS : D, () o R ,
= {x€I*| JaEsupp(p), IbEsupp(y), x=a+b}. : o (3.14)
ROEE3I2NE, OBBEEN D, (p) *BIEFHEBLFE-ARTHHZ L ZIERHL TV 5,
[E#3.2] (BA%ERRYdilation & E & 5RkYdilation & DRIENE) \
(p®y) (x) =1 ©xED,, (p). :
[E#3.20%1] (commutativity)
LoDy =yDe. -
[EHE320R2] (p@yDE m‘réﬁt&h)
0 supp (@) % 51X, supp(w) Ssupp (pDy).
(FEH) (p®y) (x) =1
< IbEsupp(y), p(x—b) =1
< IbEsupp(y), x—bEsupp(@)
< Tb<supp(y), a€supp(p), x=a+b
S xEDy(9).
(%‘:@3 20R1DFEH) EE3SIX, RBINERTHOPL LI, 0. wmﬁﬂénw(cp) D(,,(v/)éﬂﬂ
ORI L TS, XIoT, .
(p@y) (x) =1 xED,(p) . EH32
S xED,(y) © (ydg) (x)=1
for any x €I"
Wi, RIVEEH S Nz,
(SEE320R2DFEH1) ‘
0€supp(@) % 51X, supp(y) Ssupp (y®e) - *.° #wFE3.2
=supp(p®y) .0 EHE320RI1 :
(EE320FR20FEH2)
(p@y) (x) .
=(yde) x) v EE320FR1
=suppesuplp) Y(x—b) %%34 v
zy(x) " 0Esupp(o)

v(x)=1%5Z(edy) (x) =1 , e

BT S I bbby, RAFEH Sz, , , T O
@& ) 23HEH 3 structuring pattern & FHIN % y & & L) kﬁ»& 2: 1*’5’ —VolZxt Ly 1O KK

(thickenings) DEEEL D 5 o S

3.4 openung(Eﬁ1tf’FFﬁ)

Once a pattern is ideal bandpassed filtered,further ideal bandpass flltermg does not alter the

result.Morphologically filtering-a pattern by an opening ora closing operation corresponds to the ideal
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nonrealizable bandpass filters of conventional linear filtering.
[ #3.6] (BA%E Y opening)
@o(y)9) x)=(pOy) (x)
=[(poy)dy] (x). . O
veE % E®E L TH LN 5 operator To (y) %« '
binary morphological opening operator
v, pOy%,
the opening of pattern ¢ by a discrete structuring pattern
v,
Such a structuring pattern y may be a circle, a square, a triangle, a rhombus, a parabola, an ellipse and a
hyperbola (in the 3-dimensional space R3), etc..
[s£#3.3] (Antiextensivity of opening operator Ov)
(@Oy) (x) =1 % 5. p(x) =1.
2%,
supp (O w) Csupp ().
(REBR) *3 18
o (x)=0 %53, (pOy) (x) =0 (3.15)
DRI &R & v, ’
91 (x) = (pOy) (x) =infpesupp(y) @ (x+b) - (3.15)
0:(x) =(9:®y) (x) _
=SUpPcesupp(y) P1 (X —C) ’ (3.16)
EBIFIE, E&36IC LR, .= oQyTHhHh,
o(x)=0
< VbEsupp(y), 0=(p(x) =@(x—b+b)
= VbEsupp(y), IcEsupp(y), 0=¢(x—b+c)
© VbEsupp(y), o1 (x—b)=0 °.° R (3.16)
S ex)=0 " K(3.17) . :
/T KEBOBMATRENT, , ’ O
EROEEII(OE) RROBELBHL T3
oQyidIFIT — Vo b & A TEDIFEB (Z O FEFR i structuring pattern wiZ & > TP T 3) FHY By
TH/LATV S, O
opening operatorid 5545 L 72 HE T 2 (OyIc B, Oyt W) EELEALTH, Uxﬁﬁ@lﬁiﬁﬂ
BERoOyIMLEE D25 8w L

Their reapplication effects no further changes to the previously transformed results.) . 2% 1), m% é3

Vo€, (pOy)Oy =90y ' ‘ , (3.18)
PRELLTWBILERE). BB (y) 2o T, FEEEIL, ‘
VoD, To(yw)o=2To(w) (o () @) (the idempotent transformation) : (3.19)

E%Y ., T (y) o3 EBT (v) DAY (fixed point) THh B = L A1 5,
2%, BERIo(y) DB EIZZOMAITo(w) ot LB L TWAEDTH S ¢

The idempotent transformations such as £ and T @ comprise complete and closed states of pattern analysis



algorithms because shapes can be naturally described in terms of undér what structuring patterns they can be
opened or can be closed and yet remain the same. ; , ' O
&9, 2R (3.18). (3.19) R FEHT 5 72010, RO EHE31%BIT 5,
[(#BhEBE3.1]
Vo€, poy=(pOy)oy.
[ 3.1 DR1]
ER3TOEEO@LEAT NI,
" VoE®, poy=(poy) @y
FRILL. poy R EHOYORBATHE,
(HBhE 3.1 DFEH) 2R (3.16) . (3.17) Dy (%)« 2 (x) DABIC,
93(x) = (9:0v) (x) ' '

=infyesupp(w) @2(x+d) i : . : (3.20)
rEHELTBL, , SR

0,=90vy, 9;=(pOy)oy (3.21)
THHTLIEEL TS, | |

o1(x) =1

© VbEsupp(y), 1=0:1(x) =1 (x+b—b) _
= VbEsupp(y), IcEsupp(y), 1= (ol(x-kp—c)

& VbEsupp(y), 1=, (x+b) .- GBI
S es(x)=1 " R(3.20)
2R5B, MERE ),
3(x) =1
© VbEsupp (y), @2 (x+b)=1 .= 3 (3.20)
< Vbesupp(y), IcEsupp(w), ¢ x+b—c)=1 "= FK(3.17)
& VbEsupp (w), IcEsupp(y), VdEsupp(y), ¢ (x+b— c+d)‘1 o R (3.16)

SEBEOD LRI L, d=c kBN,
VbEsupp(y), ¢ (x+b) =1

e x)=1 . K(3.16)
RN - ¥ (A
(WBhEHE3.1DOR1DIEH)
ooy =(pOy)oy . HWBIEH3.1
= {(poy)dyloy
, =(poy) @y . EHEK37
BT, R&hI ~ : : : a

The idempotency of opening follows immediately as given by theorem3.4.
[5£#3.4] (The idempotency of opening O) ‘
23X(3.18), (3.19) A8 Y 326
(GFH) WBYEFE3AOWBIC, dyE/EH & ¥hid,
(poy)dy= {(pOy)oyl®y
2B EEI6OURHTO(v) O ZEVRIHIE, I 1528 (318), 3.19) Th 3, [
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3.5 closing (FAZRTER) v
EOIIHIE L T, ROERTERIT LI,

[ #3.7] (B¥ 1 closing)
(To(¥) o) (x) = (@) (x)
=[(pdy)oy](x) O
YeoxEEL THLNS operator Te (y) % ‘
binary morphological closing operator
v, o@vw%,
the closing of pattern ¢ by a discrete structurmg pattern y/
&,
SEEIHIE LT, ROEEISHEY LD,
[%£#3.5] (Extensivity of closing operator @)
o(x)=1%25Z, (p@y) x)=1.
E 3N
supp (@) Ssupp (0@ y).
GEA) 1 (x), n2(x) %
11(x) = (p®y) (x) =suppesupp(y) @ (x—b) (3.22)
n2(x) = (mSy) (x)
=inf; csupp(¥) 771(X+C) (3.23)
EBLERTKINE m=0@yTH Y,
o(x)=1
© VbEsupp(y), 1=¢(x) =@ (x+b—b)
= VbEsupp(w), IcEsupp(w), 1=¢ (x+b—c)
S VbEsupp(y), mx+b)=1 = K(3.22)
enk=1 " R(G.23) : :
BT, FEHEOBRULIRINTz, : ' 0

LEOEHEISIE, ROFEZEHL TS
o@ylt, AJ1%% — /(pk%éﬁ@’l‘%ﬁ(g@%ﬁliwklofd&i%)i’ﬁ‘ﬂﬂb’f{%%ﬁfv‘éo‘

(]
E 3.7 closing operator. {3 5E#E L?’:“ﬁ%:'f‘éé o 2%D. mé‘?‘l‘_&._
VoE®D, 0@y=(0@y) @y ‘ (3.24)
DELERE D . HFEEERIE, ,
’ (3.25)

To(y)=Te (V)T (y) :
LD, (W) 9ldEET (W) DRBHTH L L hbh D,

23X(3.24), 3.25) DEEFAD 72012, ROMEIEE32x HET 5,
(#Bhes3.2] ; RS

VoE D, pdy=(o@y)Sy.
[#BhEE320%1]

- VoE®, pdy=(pdy) Oy

2% 0By REEOYDOREETH 5,
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(%ﬁﬁ):mﬂs 2DFEH) 23K, (3.22) (3 23) DN (x)- nz(x) OﬂEL‘
13(x)=(p®y) (x) - :

=$upgesupp(¥) N2 (x— d) : . - ‘ - (3.26)
ZEELTS | .

1:=0 @y, 1:=(p@y)®y : ‘ ' ' (3.27)
THHILIZEELTBL, ‘ :

n1(x) =0

< VbEsupp(y), 0=n,(x) =n(x— b+b)
= VbEsupp(y), cEsupp(y), 0=n;(x—b+c)

< VbEsupp(y), 0=1,(x—b) .© K(3.23)"
o nx)=0 .0 H(3.26)
2135, BERE I
n3(x) =0
< Vdesupp(y), 2 (x—d)=0 ".° X (3.26) .
© Vd€Esupp(y), AcEsupp(y), n1 (x—d+ec)=0 .- K(3.23) S
& Vd€Esupp(y), IcEsupp(w), VbEsupp(y), p x—d+c—b)=0 " K (3.22)

SHEEOIL BEDITH L, b=c& BT,
Vd€Esupp(y), p(x—d) =0

onkx)=0 o X(3.22)
BT, RENZs
(W EHE3 20 R 1DFEH) v
0@y =(p@y)®y . WHIEE32
= {(p®y)oyl &y »
; =(p®y)Oy " THH3.6 Co e A —
2BT, Rz, o d

EH3AIHTIE LTy closinglli R @DOMERIZEHIZ, ROEHE36THBEI NS,
[%£#3.6] (The idempotency of closing @) ' S
23K (3.24) . (3.25) DSHL D 3L,
(GEHR) WBh B H3 20 TR, Oy x /B 8T,
(pdy)oy={(p@y)Syloy : : ~
AR EE3TO2EH T (v) . @% BB I IE, ZHEIL, 2K (3.24), (3 25)TH b, O

4, ﬁﬂf%+kﬁﬂé%7wﬁ&ﬁﬁ§®ﬁ&
RETIE, 3EN2EH34.3.6%EA L, nkmﬁiﬁﬁ‘%/\ I"(2x) ’(“%@ﬁ‘?) 5—;(. b M’ME%E/\
y— (multl-valued pattetn) 9 =@ (x) DI85 — T TV Tedt,

opening operator, closing operator {Z & % model-construction operator T@%ﬁk‘

AL, BREND ZEFFIEEND.
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41 N —CKE0, TFNVBRERARTOMTANEAE
MBONRE T ENY —VoDEESOIIHHTFEE VN b "“Fa'i-ﬁd) ERE2ELHLWHES
TH)., SO, TVIER

T:0—@ (4.1)

R Daxiom 1 22 ST TR 6%V, DL E, BERTIZEFIVERMEAR LTI, Tee
qsaiq)eq:o)ﬂ: NERDEBBEVHIERT, /37 —YoEPNETIVERIETNS [27]. [29] [40]
Axiom 19 (ii) iZ, /3% — > p€ ® DEEETFIVLERE
9—>To—T(T)—T(T(Tp)—> - (4.2)
PE—BETEE LTINS Z k%%ﬁbfw%tﬁﬁf%éo
Axiom 1 (/$5 — > &0 L EFNERIEMART L0 [0, T] O TN EAE)
(i) (BIRORE) M ; fixed-point property of zero element) 0€ @ A TO=0.
(i) (§8M ; cone property ; BV id, WRIUEE)
VoE®D, a-pEDPAT(ar9)=To
for any positive real number a.
(ii)) (~RFE:HN ; idempotency ; HAME)
Vo E®, TpEPAT(TY)=Top.
(iv) (B T 03EFZEE %M ; non-zero mapping property of T)

JoE b, Te+O0. : ]
5¥4.1 (axiom 1 DFH) : '
(2T WGk RV FZEHGD, FT0EH %Atr*rsﬁ}%/—\@cgﬁi-}x bh7ze Lk

9o BETOERS

Domain(T) = {9 | € ATy € P} S 4.3)
2HET AL, Domain(T) DRFTEETH S, TOBES (null set ; anmhllatlng set)

Null(T) = {pE @ | Tp=0€ &} (4.4)
13 B JT (zero element) 7 &1, k :

(i) 2T IEAH T —FHEDT TOREM | invariance under positive-scalar multiplication % BBk
L., a2 1 L RBZVIEERL £ 5 &, TIZESES% (identity mapping) Tl LW 2 L A¥b 5,
(i) 22T : BT | o~ DIl '
Range(T) = [n €@ | JpE @, n=To} (4.5)
DEBDOTE LTD/INF —YTpED X, BAET : &~ DA ETH 5,
W) I2oWTp=0€d% LT, (i) L YVTp=0€d%2BLH L. ZD(W)id, T
VPE D, Sp=0 ' (4.6)
& EFHEN 5 EEM (zero mapping) STII R W L 2 B L’C\n%o O
kB Daxiom 10 (i) (i) (i) FROFEZHEHL TW5E 1 85— /%Adwi NEFEWT-T=T »
Bﬂ‘%ﬂgbii U Tk 5 EARBR ;
—{T¢l¢e¢}cq> : 4.7)
iz L \\\\\ H(=0) %A L L, OOEEDOE L BELLEREEL LI HRESEE; cone) TH Ehbf
BbHv, :
., Lkl @axxom 1R — B ODBRREE. iﬁﬁ[ZZ]@%’Mﬂﬁ'ﬁmﬂﬂé hTws
[29].
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RO2GE4LA2DBLIIES (PO BZ LN TE D,
[ 784.1] B 7 VBB HRTO IE 2 B )
B THaxiom 1272 T %2 61X, cxEBOEEKL LT, Fffc THaxiom l’i’?ﬁt?o
(GEH) : 4
© (DO (e T)0=c*T0=c*0=0. v
(i) DEEIE: (c*T) (ap) =c*T(a @) =c T ={(c'T) p.
(i) DAL : (c*T) ((c*T) @) =c* (T(c*T) o= =c* (TT) p=c* “Top=(c'T)p.
(iv) DRRIL: Ho(+0) €D, Te+0 % & 5.% 5, (c°T) p=c- (T(p)=l=0 iy A YA
[#584.2] (EFIVBRAIERR T OWER)
ZET (1Sk=n) Aaxiom 1% W7z ¥ % 51F, 25H4
(a) (T#E) TT=TuT; i >k)
b) (BEEHR - MREROTEME)
ND(Ty_1) 2Range (T) 2=k=n)
DT T, BET=T,"T," =+ *T,id axiom 1 &2 T, ZIZ,
ND(T) = {9 | g EPATip € PATp 0}
Range(Tk)— inl3¢co, n—qu)Gq}}_

(FEH)
(i) DRI TO=0 TH B Db
" TO =TTy TO=T)*Tp* = *Tami0 " T,0=0
=T0 . TO=002=k=n—1)
=0. ' T,0=0 ’

(i) DXL To(ag) =Tap TH H D5,
T(ap) =Ty Ty* *** * (Ta(a@))

=Ty+Tp* == ¢ (Tn(P) e Tn(a(P) =The
=Te.
(i) DBSL:
T(T(p) =TTy *** *ToT1*Tae =+ *To@
=T, Ty = *Ty*TpTas = To@ 0 TpTi=T T,
=(T1'Ti) B PRISIRIRY e PRIRTOIS, WY R Tj’Tk=Tk'Tj(2§k<j§n"1)
=(T'T) (T D) (T T o " TeT=T; Tk(2=k=n—1)
=T1'T2' cee 'Tn(p o Tka——Tk(ISkSn)
=Te.

(V) PHEIML:pEND(T) 2 & 50
@ E OAT,@ ERange(T,) AT,p+0
ND (T,—1) 2Range (T,)
PEBELL, LoT,
Ta—1Ta@ FOAT,— T, €Range (Ty—1)
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A BASK

ND(T;-;) 2Range(T,)
*ERBTHLE,

Ta— 2T 1 Ta@ FOAT,—,To— 1Tn¢€Rangc(Tn )
#1585, EHEIC, D R&E,

T@=T;*T,* * *Ta*F0AT¢p €Range(T;)
21BT, : .
@END(T,) i& To+0 %7z ¢ :
ZEWbhrb, , L O

42 AM(,)E/ L -]
421 BEEBRE ETVERIERER
TEBR : ,

DCNS= {p| [VXEI, ¢ (x) EZ(HEZEHME; complex number field) A Z e @ (x) [2< oo} (4.8)
iz TolE, NY — VIERY AT ARERRET B85 — VoS (BIFEFEIK ; operating region)
twvbh, K@) DOERTL oL DX @, T4 18 Daxiom 12 W1 2 T MTE 52V, ZOL %
Ti& T 7 Vi8R EFISE (model-construction operator) & V3 b L5, : :

422 BERARZER NS
AL, BLCBHLE S,
AR eV FEES L LT, WK (e, n) A5, ~ :
(@, n) =Zxer o(x) -7 (x) ’ o (4.9)
2, niknoEEkE '
L5z onsER/ JI/A’t‘Faﬁ (complex normed space) Z¥RA L & 5 o 5. J VA || ol
ol =v(e ¢ , : ‘ : (4.10)
LEEEIND,
ok E, R (4.8) ONSIIEHEHIZH (metric linear space) 'JZ‘/‘ i, EENEZH (complex
inner-product space) £ 2 o T\ 5%,
EREHRE | o—n | 13o, n € pB DBEEE (distance between @ and 1) EE X B Z LIC Xk T, K(4.8)
O NS (& BE#E 22 (metric space) & b % %, :
CROGEA3IE, lo—n Zﬁﬂ{mmngﬂﬁ%(%@iﬁ%ﬂiﬁﬁ‘ﬂ&6@@%@%"&) L’Zr:é%“%:?a
:’rﬁ LTwh,
[4wRE4.3]
VxEI, ¢(x), n(x) € {0, 1}
THhi,
lo—nl2=Zienlox) —n&)I.
(GEHR) lo—n '
=[Zienlo &) —nx) [2]12 . : :
=[Zenlox)—n&) 112 " oK) —nx) €0, £1}. ‘ .



4.3 /38— EOER dis
Ny —Yo(x) EZITH L.

o*(x) = (x) /supyep |(p(x)| . . (4.11)
EEERT D, HL, :
supxer @ (X) | =0 %2 5, ST
Vx €I, q)#(_x) =0 , o (4.12)
&, BWT 5, ' :
p(x),n(x)€Z (4.13)
VRS % BRI B ' :
dis: @ X d—R* GERAEHLHKRDOES) (4.14)
L LT, ‘ : .
dis(@, 1) =Zcer l@*x)—n*(x) | :  (4.15)
AT 5B, dis(p,n) £ LT, ' :
| p*—n#*| ‘
=[Z,epl@*(x) —n*(x)|2]12 o : , : S (4a6)
FEALTwWRWZ LT, BET S,
DA,
Hc(+#0) €7, ¢ (x) =c*n (x) for any x EI" (4.17)
W35 L&, @, n%E—#H (identification) L T, .
o~n ‘ , - (4.18)

EEIIE, 2mEfR~ 1,
1) ¢~ (S | reflexive law) ,
2) o~n7% 5iE. n~o(WFFE ; symmetric law) -
3) p~n2on~yi X, o~y : L -
(#EREE ; transitive law) ’ , (4.19)

&9 i B4R O A2 (axioms of equivalence rela-tion) %72 L. ~XFEEREBTH 5,
R(4.15) D L) IcEF S NIz (4.14) OFEBERI S dis ziém&ﬁ%ﬁ@/\i_ﬁa( )Gy Gil) 279
(i) dis(g, ) 0.
(ii) dis(p, n) =0 @~n.
(iii) dis(@, n) =dis(n, @). _ R S : o
(iv) dis(e, y) =dis(p, n) +dis(n, y) ‘ SR . (4.20)
1EEHun2fER % : SR R
- psn(u) =0ifu<0, =1if =0 : 4 o (4.21)
YHAET 5, ’ . - S '
0% (x) =psn(p#(x) —h(x)) € {0, 1} : . (422)

, where 0<h(x) =1 , . : : (4.23)
EERT D, COLE, ‘ s
(1°) Vx €I o(x) € {0, a} (a>0) Izt LT,
o*(x) =9 (x) /supser o (x) | =
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0if =0
1if pF+0A @ (x) =a
0if pF+0A @ (x) =0
(20) VxEI, p(x) € {0, 2} (a>0), n(x) € {0, b} (a, b>0) I L Tid,
dis (@, n)x=
0if [p (x) =a/AAn (x) =b]
V [p(x)= 5 (x) =0]
1if [p (x) =a/An (x) =0] ,
V [p(x) =0An(x)=b] (4.24)
LEERTHLE, . ~
dis (¢, 1) =Zxer dis (@, 1),
BO)vxempx) €0, 1} DL &,
% (x) =@ (x) for aﬁyx(—:l“
HE Y LD, v v
ROGHEL4Z, @15 DX ICERINK (4.14) DIEHERE dis(p, n) &\ 270(4.9), (4.10) T
EEENDE VAEE | o—n | OEFEIR(4.22) TERIND2EL/$Y — ¥ @7, 1B LTI,
ELVWEEREHLALDOTH S (H43E BSH),
[#rfE4.4]
I o —n* || 2=dis(p*, n¥).
(GEHR) | @Fx—nX |2 :
=Zerlo®x) —n*x) 12 o 2K(4.9), (4.10)
=Zerlo*X) —n*x) | o ¥k, n* k) € o, 1}
=Zer ¥ (x) supiep | @ (x) | =% (x) super ¥ &)1 | o 9% (x), n¥(x) € {0, 1}
=dis(p®, n%) .0 23(4.11), (4.15) . O

44 EFIVBRIEARE To

The morphological operators £ and T @ expressed by two definitions 3.6 and 3.7 deal with two patterns.
The pattern @ being processed is referred to as the active pattern,and the other pattern ¥ being a kernel is
referred to as the structuring pattern. With the help of various designed structuring shapes, one can simplify a
pattern data repfesentation and expose an object shape characteristics.

Two basic morphological operators, dilation and erosion, are similar to the convolution operators, except
addition/subtraction which are substituted for maximum/minimum. Unlike convolution, morphological opera-

tors are, however, highly non-linear.
TE#3.6 T Dopening operator To (y) ZFIA L T\

o {(x) ER (A ; real number field) for any x EIn : - (425)
L. R4R)DexefEsT,

(Top) (x) = (p*Oy) x) = (o (y) ¢¥) (x) : (4.26)
LEREINDFREERFE ‘

To: d—® : : (4.27)

FEFVBRAEE TS S - L3 KOEELID 5 b b,
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[%£¥4.1] (opening operator (&3 E T)W%ﬁ]if‘ﬁﬁﬁ?To@%ﬁEEiE)
K (4.26) TEFER SN B (427) DEBRTOI. C
0E DAV @E D, a* ¢ E P for any positive real number a] A[V 9 €@, Top € P] - (4.28)

THhiE, 418iOaxiom 122 L, EFVEBLSERETH S, o O
FHAIRTHT 2 10H72o T, R411) Dok, R(4.22) De™ZF & HWV T, .
9% (x) = (p%Oy) (x) =infyesupp(y) @™ (x+b) ' o (4.29)

oD (x) = (¢%y) (x)
(= {(p*oP)oyt (x)= ((pﬁ’Ow) (x )=(T<p) x))

= Supcesupp(y) @ < (x—c) . (4.30)
LW EHEFHABELTB , /87— /EJ ,
0, o, %, ¢, o0 (4.31)

¥, pEOR D, pU=THoEPRFHETHFMHEFI T2
Implementation difficulties arise when an algorithm requires the use of a large size structuring pattern. O
[#wRE4.5]
#(4.31) D737 — VF] @, ¢*, 0%, 92, oHIZOWT,
(i) ScEsupp(y), VbEsupp(y) +9,
¥ (x—c+b) =1
Thhi, ¢Cx—c)=1%%4.
(Toe) x)=1..
(ii) VcE€supp(y), IbEsupp(¥) *9¢,
¥ (x—c+b)=0
ThHhiE, ¢C(x—c) =027,

(Toe) (x) =0. . o
(EH41DFEH) K (4.28) BKE L+ 4.18i Daxiom 1 OB %R o
(i) DKL :
0=0 & THhT, 0=04 . *(4.12)
=pr=¢0=90 . 33:(4.22).(4.29), (4.30)
Toe=0U=0 '
285, :
()DL : a2 EBOEEK L T 5, EEOXEPIIDOWT ,
(a-@)* (x)=(lal /a) - @*(x) = @*(x) ' (4.32)
K (4.11)
(@)% (x) =% (x) . RX(422) : : - (4.33)
(a+9)¢ (0 =9%(x) = R(4.29) :
. Tolare) x)=(Toep) (x)
23X (4.26) . (4.30)
BN B,
(i) DRI : 220 DBA (i) < (i2) /T TRT,
n=Top=*Oy= (p*oy)y (4.34)
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EB<,
(ii.) n=00 L &
ERBO(iI) XY, Ton=0 %4,
Top=n=0=Ton=ToToe.
(ii2) pFO DL X

n(x) € {0, 1} for any x €I R (4.34)
THEND, ,
supcer | (x) | =1 ‘ (4.35)
AELY LD,

p=0,F2L, EERD ()XY, n=Top=0%1. n+0CFBET L0 50+0TH 5,
¥ 72, 4380301 Y
n* (x) =psn(n*(x) —h(x)) € {0, 1} ~
=00 2R (434), (435) | o | - @39
KL bhd, LoT,
(Tom) (x) = (n*Oy) (x)
=(n0y) x) - 3(4.36) '
=1{(e*Oy) Oyt (x) = K(4.26).(4.34)

=(p*Qy) " FH34 . ~ (4.37)
ToTop=Top '.° 3(4.34)
BRENT,
(iv) DL :

oF0 L LT, HAXEMIDNT,
Vb Esupp(y) ¢, p% (x+b) =1
&3l
eCx)=1 ' RH(4.29)
DWIELL, 0.
ScEsupp(y) F¢, o (x—c) =1
D B (> o
(Top) X)) =P (x)=1 .0 RK(4.30). - g ‘ 0

45 ETNIBKRIEEE Te
EF3.7TD closing operator T (y) ZFIA LT, R(4.25) 0EHHE/ 5 —Yp=p) TR L. K
(422) Do* &> T, v S

(Tep) ) =(0*@y) x)=Ta (W)™ x) o : (4.38)
LERIND IR R ' :

Te: 0— o | . (4.39)
PEFVEBAERAETH S 2 LA, ROEEL2H S bH 5, ' \

[ #4.2] (closing operator Tg(y) L3 E TJD%&ffﬁﬁTowﬁﬁﬁiﬂ)

R (4. 38)Tm%éhé‘t(439)®§f%Tgbi ,
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0€¢A
[V(DEQS a* @ € @ for any posmvereal numbera]/\ o
[VpED, TopEP] - - (4.40)
THNL, 418 Oaxiom 12 H 7z L, EFVERIERETH 2, O
FHAL2%THT 12D 722 T, R4.11) De*l, R(4.22) De*IZB| EHENT,
0* () = (p%@y) (x) R
= SUPp € supp (y) P (x—D) . (4.41)
B (x) = (p®y) (x) ' ‘
(= (p*@y)oyl (x) = (o™ @y) (x)
=(Teg) (x) ) .
=infe e supp(y) o®(x+c) R : (4.42)
LVWIERTHABELTBL, 87 —7%] : e
0, o, 0%, o®, ol : o e (4.43)
2. pEPNH, o= T.(pe<p%n+§ﬂ‘%ﬂlﬁ%5fx.fwéo :
[fwRE4.6]
R (4.43) D35 — VB, of, %, ¢®, pWZDWNT,
(i) VcEsupp(y), IbEsupp(y) +¢, ¥ (x+c— b)—l
Thhid, o®x+c)=1%28
(Teo) (x)=1.
(i) ScEesupp(y), VbEsupp(y) #¢, ¥ (x+c—b) =0
ThE, p®(x+c)=0%7H,

(T.(P)(X)ZO. . . 0
(EH420FEH) o . ‘
R (4.40) RE L. 4.15 Daxiom 1D % 7R T,
(i) DRI :
=0 LT hiL.0=¢* ' H(412)
=pi=p®=pB - 33X(4.22).(4.41), (4.42)
Tep=¢®=0
B85,
(i) DB - a ZHEBOEEH LT 5, E%oxelnb_owc 2it(432) (433}%1;;\
(a-9)® (x) =0®(x) .= 3(4.40)
Te(a' @) (x) =(Tee) (x)
23X(4.38) . (4.42)
PELND, |
(i) DAL 2 22 DA (ii.1). (ii.2) \FTF TRT, o
N=Tep=0 @y=(p*®y)oy S o (444)
EBL, S

(ii.1y n=00 & &
kRO &), Ten=0 %1,
Teo=n=0=Ten=TeTe¢.
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(i2) nFo DL &

n(x) € {0, 1} forany xEP " 3 (4.44)
ThHorhb, |
supxer | 7 (x) | =1 . (4.45)
BB Y L2, ‘ - ,

p=0,T5L, ERD(I) LY., n=Tee=0%4%. nFOFET L2 5. ¢F+0TH %,
F/2, 43FD30L Y .
n* (x) =psn(n* (x) —h(x)) € {0, 1}
=nx) .0 2:(4.34).(4.45) o : (4.46)
BEDDPB, £oT,
(Ton) (x) = (n*@y) (x)
=(n@y) x) .0 3 (4.46)
={(p*@y) @y} (x) "0 (4.38),(4.44) ~
=(o*@y) . TH36 : (4.47)
%18, Sl
TeTep=Teo . 3\(4.44)
PR ENTZ, :
(iv) DEEIL : @#0 £ LT, 5% xEMIDWT,
b supp(y) + &, ¥ (x—b) =1
b 3 (R
o®x)=1 " R(441)
PEALL . O,
VeEsupp(y) =6, o®(x+c) =1
L, | o
(Tep) x)=0®(x)=1 .= FN(4.42). , 0

4.6 2{EE/INE— DR EEL2ODEES
UEILIRF — V pIZDWT, 3DDEES
supp (To@) , supp{@), supp (Tee) (4.48)
KL Tk, ROEHAIFE Y LD, WABRIEHCTE S,
[EH4.3] GED2UEIL T — VT, ¢, TeePEDTETH)

o (x) € {0, 1} for any EI" (4.49)
I LT, A
supp (Tog) Ssupp (@) Ssupp (Tee). (4.50)

(GEHH) 3 (4.48) D2MEALIN T — V@l LTI, 43HD3OBK Y Mo TV B 5,
(Toe) (x) = (eOy) (x) = (Xoe) (x) : :
R (4.26) . 5EF3.6 - (4.51)

(Tegp) (x) = (p@y) (x) = (Top) (x) . ,
R (4.38) EH&H3.7 ' (4.52)

BV ->THEY, ToT, 28H33.35L 0.
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(Top) (x) =1 &mi‘«p(x)=1
ViR

o x) =17%bIT, (T.(p) (x)=1 o
ﬁw%ncwwMW®E%M%%§?hﬁ ﬁ%ﬂD&%ﬁﬁbot;k#bﬁéo O

5. &9V

We have been mterested in ax1omatlzmg the concept of pattern-recognition.

25FH 41 42THEBINTVS LH T, 4185 axiom 1 CHBI STV B[ F/ty — /(pWrH) kb
NRY—VEFNTe |02 Toe, Teeh MR TE 7, Tog. TepHiaxiom 1% {729 I & DFEM 3bi-
nary morphology DEaE % MH T 5 Z L & (. WAEE L ZOFEREEK L OBRR(13) 2\, ABF
FETHBICE SN L, BEICET 5o openingDBEHEODONFEULIEML T2 EH34, I
T2, closingDIEF @D N FEMA I L T\ 5 EH3.6 DGR IR DR SHE & BR{FEY 5 7%[5]
I, HEIRoTWAEDTH S,

axiom 1 %{#7:3 /%% — Y ETF VToe. B\ i TepZx )T &izL ., BER Ff/gé%ﬁamﬁﬁ(f
[22]D12H N FETOEICMZ T, BRENTZDOTH 5,

Y (Zstructuring pattern W& RER, EHE Y — Y o=0(x) 10 L. BERRBLAMBIRAL 217
WAL, 2200 FEFNVEBEERET. Ter AL AEAD, SERERME[22]1F,

ZDoE BB TERTo. T PAREIRICERT 5
iz, AEORMBEROSIICHET S LB TE 5,

MEZEEE V) b, BACH 2RI LB EN T, BANREROAZ LT BEKLRE
Ho LM SN HRE R ERICIESOTHW LITE T8 ThHbH, /N9 — Yol BALTHED
N5SSEEH[22] TD, 4.1 T Daxiom 1 %723 7/38 — Y EFNTo% F3HilB YR L T3k b Rvy,

%€ #3.6 T Dopening operator 20(1//) i3, Ny — U E#] .

p—To(ye
ZBWwTC, ¢b~ﬂﬂb%bﬂ(§ﬂ@%ﬁﬁ%@%@'%ﬂj}%i)‘ﬁ) n [12] Fhig. R 26)1@%%%@»%&
(427) DERTL S ABLBREDRLBRASNLET, MATWEEELL I,
<@, Te>H5-2 b7zt &, abinary relationk L TD <@, Tp>and< ', Te'> IZIER L,
BR(p)
=Ko, Te o EDPATY= T(p}CtDX(T D)
_ T T-o=1Tploc

FPHEETAILHPUELDOTH S,

MBREIELSETERVEVIELT, FFETVRIE, HE“NJ)ZVW /q,mtm_‘ o%F
DEFNTop. Tepk LTEHET AHE T, BIET IV T X 4 (genetic algorithm) THRE S Wig 5
[20]structuring pattern y%# S L TWABRBEAEZE L T, ZOTe(=Tog or Tee) iF, AFICH 53
¥ Vot aTEREHA TS EBELLLT, 20# Lf’HmW*K%ﬁ%%ﬂﬁﬂ)ﬁb% THEMR
ENZBDTHD, LBREINTIVDIDOTHS,

PPOLEDEFNTONEEREND T LICE Y, TURME., BRESHRISATWIBAL 5L, /3
¥ — VIR AT ADZITIA ML, RET L, ERREBDOIAEREETEoTwH b 20b
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5%, BHLTWwADTH5[38], SOBHRTVAIL, E LRI EETI AR 2
CORBIETHBNY —VEF VTR RS — /q»ﬂ)i)%ﬁ@%rﬁk%#“j*tfwz,o)f&)éo

SSEIRE([22]4E, A 7 T (category ; FHBEE) DIBE L Cedro /e ), BEOH T T RE LT

WHENY — Yo FH, PERLIZRRZBETZ2DTRLRV. O L) 285 — Vol

KNG =V ZDRBETHTREOHZ2 I T TVHFESTOY AL
EV) BRIV AT LD — K LIFO M LB RERRRREIC L o T

KTy =20 AT TVEFYVR I GEBNY - BYR N
DFNPITEBRENTLE)DTH S, 72, SSEE([22113. FEFH - SLBRAEMICER L 0HE
b, E2ICHBRL TWB DT %\, afeasible(i. e., polynomial) number of steps@&@ﬂﬂ%ml@
Ho TRBDTIE RV,

BeA e FHATEE L T 2 ¥ (BB ; parameterized representation system) & L TD /8y — V1 ¥
AT L%, SSHRIIRELTWELERZ) THD, SSHMIT/$Y — 0088 — VIERY AT 2D
BERFALALBEATHT2FRICED., BHRAUEOBMEE K&, LWRLTWEDTH S,

22DETFNVEBIERETo. TeHDstructuring pattern y# , MEDOFNR L LTWBEI8F —VEEIC
WY LIS, e FETRETH I LOHROBAEL TW5B L, FHEHY % gray scale morphol-
ogyZ XFIt Lf’ﬁ*%’i’é( AN H%@ﬁﬁn@ﬁ%ﬁﬁ%&f“ﬂ%k LTR->TWwWAI %, BB, I8
WLTBZD
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HERIR1] (U oA XEHIREFIREE R O@ERBADETIEICDWT;

A correction on the field of applications of phase-limitation theorems)

“ZE?'F@fE%té@%ﬁzko)%ﬁﬁk}kexkﬁb *’Ei ﬁwk@ﬁ {Wk} kex’%%xé é’%ﬁ"

VKEK, |w | =1 . _ (1
@TT &R

IZkEKWk Zk[ ['Ekeszl ' (2)
DD LD DL

T RTOkEKICEEE &%miﬁc#ﬁﬁ L. :

VKEK, wy= exp(-Hc) : (3)

DY SO
RS 22\, k:?)iﬁ\

F— BB DT RTCERELT5 & . &4 _

Vi EK, wy€E {—1, +1} ‘ : _ (4)

DFT, FXQ)VEY LoD, 20DHE

(4) VKEK, w=+1 :

(1) VKEK, we=—1
IR 5,

PEX Y., Z0fHZ BTS2 X912, 33k, [2]. [3]@)7:4:«%&5&;&?&%@:0
Wi, FOERERE. “ET eV PERBICEET S LELY, 2% D, 7 x A XIERBEETE
FHEIZ, “EE eV PEBTIRELCE RV,

Y oT, 724 X EHRBETRERZBEHL, 20037 -V EF VL5 —BRFRZB LTV
LYER[4]OEReDEHBHZ b, Ee Ul FMEEICEET 5, XEK[S]TO2EE2. 31DV T,
FEe N b?""FaﬂMEEL'C CLTWwBDT, §IETALEZR ., [MHHEEIZ RV,

X ®
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