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Abstract

First, we show that the necessary and sufficient condition for the existence of a balanced bowtie 

decomposition of the symmetric complete tripartite digraph Kn*~ 121"13 is n, =n2=n3=0(mod 3). 

Next, we show that the necessary and sufficient condition for the existence of a balanced trefoil 

decomposition of the symmetric complete tripartite digraph Kn*l,n2,n3 is ni =n2=n3 =- 0 (mod 9).

Keywords: Balanced bowtie decomposition; Balanced trefoil decomposition; Symmetric complete tripartite 

digraph

1. Introduction

Let K*, denote the symmetric complete tripartite digraph with partite sets V1, V2, V3of ni, n2, n3vertices         n n2,n3 

each. The t-foil (or the t-windmil 1) is a graph of t edge-disjoint triangles with a common vertex and the 

common vertex is called the center of the t-foil. In particular, the 2-foil and the 3-foil are called the -bowtie 

and the trefoil, respectively. When K*, is decomposed into edge-disjoint sum of t-foils, we say that                                                               n n2,n3 

K*n,,n2,n3 has a t-foil decomposition. Moreover, when every vertex of K*, appears in the same number of                                                                                                                  n n2,n3 

t-foils, we say that K*n,,n2,113 has a balanced t-foil decomposition and this number is called the replication 

number. 

In Section 2, it is shown that the necessary and sufficient condition for the existence of a balanced bowtie 

decomposition of K*, =n3=0(mod 3).                      n n2,n, isni=n2 

In Section 3, it is shown that the necessary and sufficient condition for the existence of a balanced tTefoil 

decomposition of K*, isni=n2= n3=0(mod 9).                                n n2,n3
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Let & denote the complete graph of n vertices. And let C3 be the cycle on 3 vertices. Then it is a well-known 

result that K, has a C3 - decomposition if and only if n =- I or 3 (mod 6). This decomposition is known as a 

Steiner triple system. See Wallis[2, Chapter 12 Triple Systems]. Hordk and Rosa[l] proved that K, has a 

bowtie-decomposition if and only if n =_ I or 9 (mod 12). This decomposition is known as a bowtie system. 

               2. Balanced bowtie decomposition of K*                                                                                                         nI,n2,n3 

Notation. We denote a bowtie passing through vi - V2 - V3 - VI - V4 - V5 - VI by {(VI,V2,V3),(VI,V4,V5)}

We have the following theorem.

Theorem 1. If Kn*l,n2,n3has a balanced bowtie decomposition, then ni = n2= n3 =_ 0 (mod 3).

Proof. Suppose that K*,                  n n2,n, has a balanced bowtie decomposition. Let b be the number of bowties and r be 

the replication number. Then b = (n in2+ nin3+ n2n3)/3 and r=5(nin2+ nln3+ n2n3)13(n, + n2+ n3). 

Among r bowties having vertex v in Vi, ler rij be the number of bowties in which the centers are in Vp Then 

ril + r12 + r13 r2l + r22 + r23 = r3l + r32 + r33 .= r. Counting the number of vertices adjacent to vertex v in VI, 

2r,,+rl2 + r13= 2n2 and 2rIi+rI2 + r13= 2n3- Counting the number of vertices adjacent to vertex v in V2, 

r2i+ 2r22 + r23= 2n, and r2l+2r22 + r23= 2n3. Counting the number of vertices adjacent to vertex v in V3, 

r3l + r32+2r33 =2nl andr3l + r32+2r33 =2n2- Therefore, ni = n2=n3. Put ni =n2=n3=n. Then b=n 2 , r= 

5n13, rii= r22 = r33= n/3 and r12 + r13 = r2l + r23 = r3l + r32= 4n/3. Thus n =_ 0 (mod 3). 

Therefore, ni = n2=n3= 0 (mod 3) is necessary. 

Let Ks, denote the complete tripartite digraph with partite sets VI, V2, V3 of s vertices each such that the 

directions of edges are directed away from Vi to V2, from V2 to V3, and from V3 to Vi. The (2)s-foil is a 

digraph of 2 edge-disjoint ks ,s, with s common vertices and the common vertices are called the centers of the 

(2),-foil.

We have the following theorems.

Theorem 2. The (2)s-foil has a balanced bowtie decomposition.

Proof. Denote the (2)s-foil as J(VI,V2,V3),(Vi,V4,V5))}, where Vi=J(i-l)s+l,(i-l)s+2,...JsJ (i=1,2, 

.... 5). 

Construct s~ bowties Bij (i = 1,2,...,s;j = 1,2,...,s) as following: 

Bi I = I (l,s + 1,2s + 1),(1,3s + 1, 4s + 1)} 

B 12 = {(I,s + 2,2s + 2),(1,3s + 2,4s + 2)} 

B is = {(l,2s,3s),(l,4s,5s)
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B21= 1(2,s + 1,2s + 2),(2,3s + 1,4s + 2)) 

B22 =1(2,s + 2,2s + 3),(2,3s + 2,4s + 3)} 

B2, ={(2,2s,2s + 1),(2,4s,4s + 1)}

B,j = {(s,s + 1,3s),(s,3s + 1,5s)} 

Bs2 ={(s,s + 2,2s + 1),(s,3s + 2,4s + 1)} 

B,, {(s,2s,3s - l),(s,4s,5s - 1)} 

Then they comprise a balanced bowtie decomposition of the (2)s-foil. 

Theorem 3. If K*n,,,,,, has a balanced bowtie decomposition, then K*sn,sn,sn has a balanced bowtie 

decomposition. 

Proof. When Kn*,n,n has a balanced bowtie decomposition, has a balanced (2)s-foil decomposition.                                                                                  Sn 

By Theorem 2, the (2)s-foil has a balanced bowtie decomposition. Therefore, K*sn,,,,,,n has a balanced bowtie 

decomposition. 

Theorem 4. When n =- 0 (mod 3), Kn*, n, has a balanced bowtie decomposition. 

Proof. Put n = 3s. When s = 1, let V, = 11,2,3 1, V2= f 4,5,6}, V3= {7,8,9}. 

Construct 9 bowties Bi (i 1,2,...,9) as following: 

B, = j(l,5,8),(l,9,6)} 

B2= {(2,6,9),(2,7,4)} 

B3= f (3,4,7),(3,8,5)j 

B4 = {(4,8,2),(4,3,9)} 

B5= {(5,9,3),(5,l,7)} 

B6= j(6,7,l),(6,2,8)} 

B7= {(7,2,5),(7,6,3)} 

B8 = {(8,3,6),(8,4,l)} 

B9 = j(9,l,4),(9,5,2) 1. 

Then they comprise a balanced bowtie decomposition of K~,3,3-

Applying Theorem 3, Kn*,,,,, has a balanced bowtie decomposition. 

Therefore, we have the following theorem. 

Main Theorem 1 K*~ has a balanced bowtie decomposition if and only if n, n2= n3=0(mod 3).                                   n nl,"3
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                  3. Balanced trefoil decomposition of Kn*l,n2,U3 

Notation. We denote a trefoil passing through VI - V2 - V3 - VI V4 - V5 VI V6 V7 vi by 

f(VI,V2,V3),(VI,V4,V5),(VI,V6,V7)) 

We have the following theorem. 

Theorem 5. If Kn*,,"2,,13 has a balanced trefoil decomposition, then ni = n2 = n3 0 (mod 9). 

Proof. Suppose that K*,                   n 112,,,, has a balanced trefoil decomposition. Let b be the number of trefoils and r be 

the replication number. Then b = 2(nin2 + n1n3 + n2n3)/9 and r = 14(nin2 + n1n3 + n2n3)19(n, + n2 + n3). 

Among r trefoils having vertex v in Vi, ler rj be the number of trefoils in which the centers are in Vj. Then 

ri I + rl 2 + r13 = r2l + r22 + r23 = r3l + r32 + r33 = r. Counting the number of vertices adjacent to vertex v in V1, 

3r11 + r12 + r13 = 2n2z and 3rii + r12 + r13 = 2n3.' Counting the number of vertices adjacent to vertex v in V2, 

r2i + 3r22 + r23 = 2n, and r2i + 3r22 + r23 = 2n3. Counting the number of vertices adjacent to vertex v in V3, 

r31+r32+3r33=2n1 and r3l+r32+3r33=2n2- Therefore, nl=n2=n3. Putn1 ,=n2=n3=n. Thenb=2n2/3, 
r= 14n/9, r11=r22=r33=2n/9 and r12+r13=r21+r23=r31+r32=4n13. Tbusn=-O(mod9). 

Therefore, ni = n2 = n3 =- 0 (mod 9) is necessary. 

Let K,,,,, denote the complete tripartite digraph with partite sets V1, V2, V3 of s vertices each such that the 

directions of edges are directed away from V, to V2, from V2 to V3, and from V3 to V1. The (3)s-foil is a 

digraph of 3 edge-disjoin4s,s, with s common vertices and the common vertices are called the centers of the 

(3)1-foil. 

We have the following theorems. 

Theorem 6. The (3)s-foil has a balanced trefoil decomposition. 

Proof. Denote the (3)s-foil as I (VI, V2, V3), (Vi, V4, V5), (VI, V6, V7)}, where Vi (i - 1)s + 1, (i - I)s + 2,..., is} 

(i = 1,2,...,7). 

Construct S2 trefoils Bij (i = 1,2,...,s;j = 1,2,...,s) as following: 

B, {(l,s + 1,2s + 1),(1,3s + 1,4s + 1),(1,5s + 1,6s + 1)} 

B12 {(l,s + 2,2s + 2),(1,3s + 2,4s + 2),(1,5s + 2,6s + 2)} 

B1, = J(l,2s,3s),(l,4s,5s),(l,6s,7s)} 

B21 = J(2,s + 1,2s + 2),(2,3s + 1,4s + 2),(2,5s + 1,6s + 2)} 

B22 = J(2,s + 2,2s + 3),(2,3s + 2,4s + 3),(2,5s + 2,6s + 3)1 

132s = {(2,2s,2s + 1),(2,4s,4s + 1),(2,6s,6s + 1)}

-22-



B,j = {(s,s + 1,3s),(s,3s + 1,5s),(s,5s + 1,7s)) 

Bs2 ={(s,s + 2,2s + 1),(s,3s + 2,4s + 1),(s,5s + 2,6s + 1)} 

B,s = {(s,2s,3s -1)~(sjs,5s - l),...,(s.6s.7s - 1)}. 

Then they comprise a balanced trefoil decomposition of the (3)s-foil.

Theorem 7. If K*                     nx, has a balanced trefoi I decomposition, then Ks*n,,,,,,,, has a balanced trefoil decomposition.

Proot When K*n,n has a balanced trefoil decomposition, K*              n' sn,sn,snhas a balanced (3)s-foil decomposition. By 

Theorem 6, the (3)s-foil has a balanced trefoil decomposition. Therefore, K*,sn,sn has a, balanced trefoil                                                                                                               sn 

decomposition.

Theorem 8. When n =- 0 (mod 9), Kn*, n, nhas a balanced trefoil decomposition.

Proot Put n =. 9s. When s = 1, let Vi =,{l,2,...,9j, V2 

Construct 27 trefoils Bi (i = 1,2,...,27) as following: 

Bi = {(l,l0,l9),(l,ll,20),(l,l2,2l)} 

B2 ={(2,10,20),(2,11,21),(2,12,19)} 

B3= j(3,l0,2l),(3,ll,l9),(3,l2,20)} 

B4= {(4,l3,22),(4,l4,23),(4,l5,24)} 

B5 ={(5,13,23),(5,14,24),(5,15,22)} 

B6 ={(6,13,24),(6,14,22),(6,15,23)} 

B7 ={(7,16,25),(7,17,26),(7,18,27)} 

B8 {(8,l6,26),(8,l7,27),(8,l8,25)} 

Bg {(9,l6,27),(9,l7,25),(9,l8,26)j 

Bio = j(l0,22,7),(l0,23,8),(l0,24,9)} 

Bi I = {(I l,22,8),(ll,23,9),(ll,24,7)} 

B12 ={(12,22,9),(12,23,7),(12,24,8)} 

B13 ={(13,25,1),(13,26,2),(13,27,3)} 

B14 ={(l4,25,2),(l4,26,3),(l4,27, 1)} 

B15 ={(15,25,3),(15,26,I),(15,27,2)1 

B16 ={(16,19,4),(16,20,5),(16,21,6)} 

B17 ={(17,19,5),(17,20,6),(17,21,4)} 

B, 8 = {(I 8,l9,6),(l8,20,4),(l8,2l,5)} 

Big = {(l9,7,l3),(l9,8,l4),(l9, 9,15)} 

B2o = {(20,7,l4),(20,8,l5),(20,9,l3)} 

B21= {(2l,7,l5),(2l,8,l3),(2l,9,l4)} 

B22 =1(22,1,16),(22,2,17),(22,3,18)}

f 10, 1 1 8}, V3 = f 19,20,...,27}.
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B23= {(23,l,l7),(23,2,l8),(23,3,l6)) 

B24= {(24,l,l8),(24,2,l6),(24,3,l7)) 

B25 ={(25,4,1 .0),(25,5,11),(25,6,12)) 
B26= {(26,4,ll),(26,5,l2),(26,6, 10)) 

B27= {(27,4,l2),(27,5,l0),(27,6,l 1) 1. 

Furthermore, construct 27 trefoils f3i (i 1,2,...,27) by reversing all directions of edges in A. Then they 

comprise a balanced trefoil decomposition of Kt ,9,9. 
Applying Theorem 7, Kn* has a balanced trefoil decomposition.

Therefore, we have the following theorem.

Main Theorem 2. Kn*,,n2,n3has a balanced trefoil decomposition if and only if ni = n2= n3=0(mod 9).
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