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Abstract -

First, we show that the necessary and sufficient condition for the existence of a balanced bowtie
decomposition of the symmetric complete tripartite digraph K3, ,,,»; is 71 =n, =n3 =0 (mod 3).
Next, we show that the necessary and sufficient condition for the existence of a balanced trefoil
decomposition of the symmetric.complete tripartite digraph K3, ..., is 1 =n,=n3 =0 (mod 9).
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1. Introduction

Let K3}, .0 denote the symmetric complete tripartite digraph with partite sets Vi, Vs, Vi of ny, my, n3 vertices
each. The t-foil (or the t—windmiil) is a graph of ¢ edge-disjoint triangles with a common vertex and the
common vertex is called the center of the t-foil. . In particular, the 2-foil and the 3-foil are called the bowtie
and the trefoil, respectively. When K3, ,.,..; is decomposed into edge-disjoint sum of z-foils, we say that
K%, n2.n3 has a t-foil decomposition. Moreover, when every vertex of K3, ., », appears in the same number of
t-foils, we say that K%, ,,.; has a balanced t-foil decomposition and this number is called the replication
number. ’

In Section 2, it is shown that the necessary and sufficient condition for the existence of a balanced bowtie
decomposition of K3, ., is 11 =1, = n3 =0 (mod 3).

In Section 3, it is shown that the necessary and sufficient condition for the existence of a balanced trefoil
decomposition of K3, n;.»; 18 B1=n,=n3=0 (mod 9).
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Let K, denote the complete graph of n vertices. And let C; be the cycle on 3 vertices. Then it is a well-known
result that K, has a C; - decomposition if and only if #=1 or 3 (mod 6). This decomposition is known as a
Steiner triple system. See Wallis[2, Chapter 12 Triple Systems]. Hordk and Rosa[1] proved that K, has a
bowtie-decomposition if and only if n=1 or 9 (mod 12). This decomposition is known as a bowtie system.

2. Balanced bowtie decomposition of K7, .,..;
Notation. We der;ote a bowtie passing through vi —v2 —v3—vi—vs —vs —v; by {(v1,v2,v3),(V1,V3,V5) }.
‘We have the followiﬁg theorem.
Theorem 1. If K7, .., ., has a balanced bowtie decomposition, then 7, =n, =n; =0 (mod 3).

Proof. Suppose that K7, ., .; has a balanced bowtie decomposition. Let b be the number of bowties and r be
the replication number. Then b=(nn, +nin; + nons)/3 and r=5(niny + mns +nans)/3(n; + ny + ns).
Among r bowties having vertex v in V;, ler r; be the number of bowties in which the centers are in V;. Then
i+ retrz=ra+tra+ras=ry+r;+r;=r. Counting-the number of vertices adjacent to vertex v in Vi,
2ry+rp+ri3=2n; and 2r;; +r; +r13=2n;. Counting the number of vertices adjacent to vertex v in V>,
ra+2rn+ri3=2n; and ry +2rp+r;3=2n;. Counting the number of vertices adjacent to vertex v in V3,
rs1+ rn+2r3=2n; and rs; + r32 + 2r;3 = 2n,. Therefore, ny=n,=n;. Put ny=n,=n;=n. Then b=n2, r=
5n/3, ru=re=ris=n/3 and ro+ r3=ruy +rs=ry+rn=4n/3. Thus n=0 (mod 3).

Therefore, n; =n, = n; =0.(mod 3) is necessary.

Let K., denote the complete tripartite digraph with partite sets Vi, V,, V; of s vertices each such that the
directions of edges are directed away from V; to V5, from V, to Vi, and from V; to Vi. The (2)-foil is a
digraph of 2 edge-disjoint K, with s common vertices and the common vertices are called the centers of the

Q) foil.

We have the following theorems.

Theorem 2. The (2):-foil has a balanced bowtie decomposition.

Proof. Denote the (2)-foil as {(V1,V2,V3),(V1,V4,Vs))}, where Vi={(i— s+ 1,G—1)s+2,....is} (=12,
ees3). ‘ : ‘ '

Construct s bowties B;; (i = 1’2’7"’“ j=1,2,....,5) as following:

By ={(1,s+1,2s+1),(1,3s+1,45+1)}

Bn={(1,s+2,2s+2),(1,3s+24s+2)}

Bi,={(1,25,35),(1,4s,55)}



By ={(2,s+12s+2),2,3s+ 1,45 +2)}
Bxn={(2,s+2,25+3),2,35s+2,4s+3)}

Bx={(2,25,25+1),(2,45,4s + 1)}

B ={(s,5+1,35),(s,35 + 1,55)}
Bo={(s,s +2,25+1),(s,35+2,45 + 1)}

B ={(s,25,35 — 1),(s5,4s,5s — 1)}.
Then they comprise a balanced bowtie decomposition of the (2)s-foil.

Theorem 3. If K3, , has a balanced bowtie decomposition, then K%, ,.s» has avbalanced bowtie

decomposition.

Proof. When K3 ,, has a balanced bowtie decomposition, K%, s, . has a balanced (2)*-foil decomposition.
By Theorem 2, the (2)*-foil has a balanced bowtie decomposition. Therefore, K%, .., has a balanced bowtie
decomposition.

Theorem 4. When n=0 (mod 3), K} ... has a balanced bowtie decomposition.

Proof. Put n=3s. Whens=1, let Vi={1,2,3}, V.={4,5,6}, V:={7,8,9}.
Construct 9 bowties B; (i=1,2,...,9) as following:

B ={(1,5.8),(1,9,6)}

B,={(2,6,9),(2,74)}

B;={(3.4,7),3.8,5}

B,={(4.8,2),(43.9)}

Bs={(5,9,3),(5,1,7)}

Bs={(6,7,1),(6,2,8)}

B,={(7,2,5),(7,63)}

B;={(8,3,6),(8,4,1)}

By={(9,1,4),(9,5,2)}.

Then they comprise a balanced bowtie decomposition of K% 3 3.
Applying Theorem 3, K}, , has a balanced bowtie decomposition.

Therefore, we have the following theorem.

Main Theorem 1. K}, ., ., has a balanced bowtie decomposition if and only if n, =n, =n; =0 (mod 3).



3. Balanced trefoil decomposition of K}, ...,

Notation. We denote a trefoil passing through vi —v,—vi—vi—vs—vs—vi—v¢—v;—v; by

{(v1,v2,3),(v1,V4,¥5),(V1,v6,v7) }.
We have the following theorem.
Theorem 5. If K}, ., has a balanced trefoil decomposition, then 7, =n, =n; =0 (mod 9).

Proof. Suppose that K7, .,..; has a balanced trefoil decomposition. Let b be the number of trefoils and r be
the replication number. Then b =2(mn,+nmns +nons)/9 and r= 14(mny + mns + nans)/ 9(ny + ny + n3).
Among r trefoils having vertex v in V;, ler r;; be the number of trefoils in which the centers are in V;. Then
rutrotrs=ra+rp+rs=r;+r,+r;=r. Counting the number of vertices adjacent to vertex v in V,
3riu+ rie+ris=2ny and 3r; + riz+ri3=2n; Counting the number of vertices adjacent to vertex v in Va,
ry+3rn+r3=2n; and ry; +3r»n+ r;s=2n;. Counting the number of vertices adjacent to vertex v in V3,
r31+ryn+3r3=2n; and r3; + 3+ 33 = 2n,. Therefore, n; =n, =ns. Put n;=n,=n3;=n. Then b=2n%/3,
r=14n/9, ru=rp=rs=2n/9and ro+rs=ru+ra=ru+rn=4n/3. Thusn= 0 (mod 9).

Thereforg, n=nm=n;=0 (mod 9) is necessary. : )

Let K, denote the complete tripartite digraph with partite sets Vi, V,, V5 of s vertices each such that the

directions of edges are directed away from V; to V,, from V, to V3, and from V; to Vi. The (3)-foil is a
digraph of 3 edge-disjoint K., with s common vertices and the common vertices are called the centers of the

B)-foil.

We have the following theorems.

Theorem 6. The (3)*-foil has a balanced trefoil decomposition.

Proof. Denote the (3)-foil as {(V1,V2,V3), (V1,V4,V5), (V1,V6, V) }, where V,={(i— s+ 1, i — Ds+2,..., is}
(i=12,...7.

Construct s? trefoils B;; (i=1,2,...,5;j=1,2,...,5) as following:

Bu={(1,s+12s+1),(1,3s+ 1,45+ 1),(1,5s+ 1,6s + 1)}

Bu={(1,s+2,25+2),(1,35+ 2,45 +2),(1,5s + 2,65+ 2)}

Bls = {(1,2S,3S),(1,4S,5S),(1,6S,7S)}

Bo ={(2,s+12s+2),(2,35+ 1,45 +2),(2,5s+ 1,65 +2)}
Bn={@2,s+2.25+3),(2,35+2,45+3),(2,5s+2,6s+3)} .

By ={(225,25+1),(2,45,45 + 1),(2,65,6s + 1)}



B ={(s,s +1,35),(s,35s + 1,55),(s,5s + 1,75)}
Bo={(s,s +2,25+ 1),(s5,35 + 2,45+ 1),(s,55 + 2,65 + 1)}

B ={(s5,25,35s — 1),(5,45,55 — 1),...,(5,65;7s — 1) }.
Then they comprise a balanced trefoil decomposition of the (3)*-foil.

Theorem 7. If K7, has a balanced trefoil decomposition, then K3, ... has a balanced trefoil decomposition.

Proof. When K7, has a balanced trefoil decomposition, K%, has a balanced (3)-foil decomposition. By
Theorem 6, the (3)-foil has a balanced trefoil decomposition.  Therefore, K%, ... has a balanced trefoil
decomposition.

Theorem 8. When n=0 (mod 9), K3, has a balanced trefoil decomposition.

Proof. Put n=9s. When s=1, let V,={1,2,....9}, V.={10,11,...,,18}, Vs={19,20,...,27}.
Construct 27 trefoils B; (i=1,2,...,27) as following:
B, ={(1,10,19),(1,11,20),(1,12,21)}
B,={(2,10,20),(2,11,21),(2,12,19)}
B;={(3,10,21),(3,11,19),(3,12,20)}
B,={(4,13,22),(4,14,23),(4,15,24)}
Bs={(5,13,23),(5,14,24),(5,15,22)}
Bs={(6,13,24),(6,14,22),(6,15,23)}
B;={(7,16,25),(7,17,26),(7,18,27)}
B;={(8,16,26),(8,17,27),(8,18,25)}
By={(9,16,27),(9,17,25),(9,18,26)}
B10={(10,22,7),(10,23,8),(10,24,9)}
B ={(11,22,8),(11,23,9),(11,24,7)}
B, ={(12,22,9),(12,23,7),(12,24,8)}
B3 ={(13,25,1),(13,26,2),(13,27,3)}
Bi,={(14,25,2),(14,26,3),(14,27,1) }
Bis={(15,25,3),(15,26,1),(15,27,2)}
B;s={(16,19,4),(16,20,5),(16,21,6) }
B =1{(17,19,5),(17,20,6),(17,21,4)}
B13=1{(18,19,6),(18,20,4),(18,21,5)}
Byy=1{(19,7,13),(19,8,14),(19,9,15)}
By =1{(20,7,14),(20,8,15),(20,9,13) }
B, ={(21,7,15),(21,8,13),(21,9,14)}
By, ={(22,1,16),(22,2,17),(22,3,18)}



B»={(23,1,17),(23,2,18),(23,3,16)}

B2 ={(24,1,18),(24,2,16),(24.3,17)}

B>s={(25,4,10),(25,5,11),(25,6,12)}

B =1{(26,4,11),(26,5,12),(26,6,10)}

By ={(27,4,12),(27,5,10),(27,6,11)}.

Furthermore, construct 27 trefoils B; (i=1,2,...,27) by reversing all directions of edges in B.. Then they
comprise a balanced trefoil decomposition of K§o. :

Applying Theorem 7, K3, has a balanced trefoil decomposition.

Therefore, we have the following theorem.

Main Theorem 2. K73 ., has a balanced trefoil decomposition if and only if n1 =n,=n; =0 (mod 9).
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