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Abstract

 In this paper, we consider some properties on a family PDB (G) of posets whose corresponding dou-
ble bound graphs are the same graph G. We deal with distances of posets in PDB(G). Furthermore 
we consider the radius Of PDB(G) and extremal graphs on radii.

Introduction

In this paper, we consider finite undirected simple graphs. For a poset P = (X, <) and x E X, 
Lp(x) = fy E X ; y < xJ and Up(x) = fy E X ; y > xJ. Max(P) is the set of all maximal 
elements of P. Min(P) is the set of all minimal elements of P. 

 For a poset P = (X, <), the double bound graph (DB-graph) is the graph-DB(P) = M EDB(P)), 
where uv E EDB(P) if and only if u 3'L v and there exist m, n E X such that n < u, v < m. We say 
that a graph G is a DB-graph if there exists a poset whose double bound graph is isomorphic to G. 
This concept was introduced by McMorris and Zaslavsky [3]. 

 A characterization of double bound graphs can be found in [1] as follows: For a graph G with 
two disjoint independent subsets M and N of V(G) and v E V(G) - (M U N), define the sets 
U (v) = f u cz M.; uv E E (G) 1, L (v) = f u Cz N ; uv Cz E (G) 1. A clique in the graph G is the 
vertex set of a maximal complete subgraph, and a family C of complete subgraphs edge covers G if 
and only if for each edge uv C E(G), there exists C E C such that u, v E C. 

Theorem 1 (D. Diny [1]) A graph G is a DB-graph if and only if there exists a family 
C = JC1,..., CnJ of complete subgraphs of G and disjoint independent subsets M and N such 
that 

(1) C edge covers G, 
(2) for each Ci, there exist mi E M, ni C N such that I mi, ni I C Ci and Imi, ni I g Cj for 

   all i 0 j, and 
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,/Q) m   for each v E V(G) - (MUN), I U(v) I x JL(v) I equals the nu ber of elements of C containing 
    V.

Furthermore, a family C is the unique, minimal edge covering family of cliques in G. El

 For a DB-graph G and an edge clique cover C = I C1, C2 7 .... Cnj satisfying the conditions of 
Theorem 1, M is an upper kernel UKDB (G) of G and N is a lower kernel LKDB (G) of G. In 
the following sections, we consider a fixed labeled DB-graph G with a fixed upper kernel UKDB (G) 
and a fixed lower kernel LKDB(G). 

 For a DB-graph G, PDB (G) P; DB(P) = G, Max(P) = UKDB(G), Min(P) = LKDB (G)J. 
Then PDB (G) is a poset by set inclusions. In [2] and [5], we deal with a distance of posets in PDB (G) 
and we obtain the diameter Of PDB(G). In this paper we consider some properties on the radius of 
PDB (G).

1. Preliminary

For a DB-graph G, the double canonical poset of G is the poset d-can(G) (V(G), <-d-,an(G))) 
where X <-d-,an(G) Y if and only if: 

(1) y C UKDB(G) and xy E E(G), or 
(2) x E LKDB(G) and xy G E(G), or 
(3) x 

Then for a DB-graph G, d-can(G) is the minimum poset Of PDB(G). 
 Let x and y be two distinct elements of poset P. Suppose that x ~ Min(P) Y Max(P) and x is 

covered by y. Then, another poset Px-,~,-Y is obtained from P by subtracting the relation x < y from 
P, and we call this transformation the d-deletion of x < y (x < y-d-deletion). Now let x and y be 
mutually incomparable elements in P such that x ~ Min(P), y ~ Max(P), Up(y) C Up(x) and 
Lp(y) 2 Lp(x)., Then, a poset P++ is obtained from P by adding the relation x < y to P. We                                 X<Y 

call this transformation the d-addition of x < y (x < y-d-addition). 

  We easily obtain the following facts on these transformations. Any posets P and Px-~-Y have the 

same DB-graph, and P and P++ also have the same DB-graph. Moreover x < y-d-addition and                               X<Y 

x < y-d-deletion are inverse transformations of each other. By these facts, we obtain the following 

result on transformations between posets.

Theorem 2 (H. Era" K. 0gawa and M. Tsuchiya [2]) Let G be a DB-graph and let P 
and Q be two posets in PDB (G) -

(1) P can be transformed into Q by a sequence of d-deletions and d-additions of order rela-
   tions. 

(2) Every poset in PDB (G) is obtained from d-can(G) by d-additions only. E-1 
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 For a ~ DB-graph G with an upper kernel UKD'B (G) and a lower kernel LKDB (G); and x E 
V(G) - (UKDB(G) U LKDB(G)), Ma(x) = fy E UKDB(G);xy E E(G)JI Mi(x) = fy C 
LKDB (G); xy E E(G) 1. Furthermore we also know some properties on a maximal poset. 

Theorem 3 (H. Era, K. Ogawa and M. Tsuchiya [2]) Let G be a DB-graph with an 
upper kernel UKDB (G) and a lower kernel LKDB (G), and P be a maximal poset on PDB (G). 

(1) For all x, y E V (G) - (UKDB (G) U LKDB (G)) such that Ma (x) ~4 Ma (y) or Mi ('X) =,4 
  Mi(y), x <p y if and only if Ma(x) D Ma(y) and Mi(x) 9 Mi(y). 

(2) For all x, y E V (G) - (UKDB (G) U LKDB (G)) such that Ma(x) = Ma(y) and Mi (x) 
   Mi(y), x is comparable with y. D

  Based on these results, we deal with distances of posets whose DB-graphs are the same. 
 In a DB-graph G with an upper kernel UKDB (G) and a lower kernel LKDB (G), the distance be-

tween posets P and Q in PDB (G), denoted by dDB W, Q), is the minimum number of transformations 
from P to Q by d-deletions and d-additions. The diameter d(X) is maxjdDB (P, Q); P, Q cz X1-
For a DB-graph with an upper kernel UKDB(G) and a lower kernel LKDB(G), and two subsets 
S C UKDB (G), T C LKDB (G) I 

             I (S, T) = n NG (n, m) - U NG (n, m), 
                              MES, MEUKDB(G)-S, 

                               nET nELKDB(G)-T 

where NG (n, m) v E V (G); vn, vm Cz E (G) 1. For a DB-graph with an upper kernel UKDB(G) 
and a lower kernel LKDB(G), let Ed and Ed denote the following: 

                               1 2 

                 Ed JI(S, T) I 

2 

                                  0=11~SCUKDB (G), 
                                O:ATCLKDB (G) 

. 
d              ,2 (jI(S1J1)j X II(S2,T2)1) 

                        O=AS19S29UKDB(G), 
                          0=,4T2gTjgLKDB(G), 

                                                     a-d 
                                      S1=,4S2 --' T1=AT2 

   Ed Then 1 is the number of pairs x, y E V(G) - (UKDB (G) U LKDB (G)) such that Ma(x) Ma(y) 
and Mi(x) Mi(y), and Ed is the number of pairs x, y C V(G) - (UK                  2 DB (G) U LKDB (G)) such 
that Ma(x) Ma(y) or Mi(x):~~ Mi(y), and Ma(x) C Ma(y) and Mi(x) D Mi(y). 

 For P, Q PDB (G), [P, Q] R E PDB (G); P __ R <-PDB(G) QJ- We already know the                                              PDB (G) 

followings. 

Theorem 4 (H. Era, K. Ogawa and M. Tsuchiya [2]) Let G be a DB-graph with an 
upper kernel UKDB (G) and a lower kernel LKDB (G), and P~dna. be a maximal poset in PDB (G). 
Then 
                                   Ed + Ed                        dQd_can(G),P.da.D 1 2 

r_1 
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Theorem 5 (H. Era, K. Ogawa and M. Tsuchiya [2]) For a DB-graph G with an up-

per kernel UKDB (G) and a lower kernel LKDB (G), 

                                  Ed + Ed                        d('PDB(G)) = 2 1 2*

F~

                       2. The radius Of PDB(G) 

In this section, we consider the radius Of PDB (G). The eccentricity e (P) is maxf dDB (P, Q); Q 
P DB (G) 1. The radius r(PDB (G)) is minf e(P); P EE PDB (G) 1. We have the following result.. 

Proposition. 6 For a DB-graph G with an upper kernel UKDB (G) and a lower kernel LKDB (G), 

                Ed                    + [Ed < Ed +Ed                      2/2] < r(PDB(G)) 1 2*

Proof. By the definitions of the diameter and the radius, r(PDB(G)) < d(PDB(G)) :!~ 2r('PDB(G)). 
      Ed Therefore 1 + [Ed/2] = [d(PDB(G))/2] < r(PDB(G)). By Theorem 4, d([d_can(G),P'd.,'.]) 

2 Ed   +Ed Ed + Ed < Ed+ Ed.      2 and e(d-can(G)) 1 2. Thus r(PDB(G)) - 1 2

 Next we consider graphs for which the equalities in ~roposition 6 are hold. We have the following 

results.

Proposition 7 Let G be a DB-graph with an upper kernel UKDB(G) and a lower kernel 
LKDB (G). For any elements x, y C- V (G) - (UKDB (G) U LKDB (G)) such that Ma(x) Q Ma(y) 
and Mi(x) C Mi(y), if there exist no elements z C V(G) - (UKDB (G) U LKDB (G)) such that 
Ma(x) D Ma(z) D Ma(y) and Mi(x) C Mi(z) 9 Mi(y), then r(PDB(G)) Ed + Ed 

                                                                      1 2-

Proof. Let G be a graph satisfying the conditions. For a comparable pair x, y C V(G) -

(UKDB(G) U LKDB(G)) of a poset P C PDB(G) such that Ma(x) D Ma(y) and Mi(x) 9 Mi(y), 
we can obtain Px-~-Y by a d-deletion on x < y.' Furthermore for an incomparable pair x, y E V(G) -

(UKDB(G) U LKDB(G)) of a poset P C PDB(G) such that Ma(x) Q Ma(y) and Mi(x) C Mi(y), 
we can obtain P:<+y by an addition on x < y. Therefore for a poset P G PDB (G), we can obtain 
a poset Q C PDB(G) such that if x <p y and Ma(x) :D Ma(y) and Mi(x) C Mi(y), then x is 
incomparable to y in Q, and if x is incomparable to y in P and Ma(x) Q Ma(y) and Mi (x) C Mi (y), 
then x <Q y. Hence for any poset P C PDB(G), e(P) ~! Ed + Ed . Thus r G)) > E d + Ed                                             1 2 (PDB 1 2' 

                           Ed + yd_ F-1 By Theorem 4, r(PDB(G)) 1 2

 We define a special poset in PDB(G). For a DB-graph G, the double neutral poset of G is the 

poset d-neu(G) = (V(G), <_d_,eu(G)), where x <-d-n,u(G) y if and only if 
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(1) y C UKDB(G) and xy G E(G), or 
(2) x E LKDB (G) and xy E E (G), or 
(3) x = y, or 
(4)(a) Ma(x) =,4 Ma(y) or Mi(x) =,A Mi(y), and 

  (b) Ma(x) D Ma(y), and 
 (c) Mi(x) C Mi(y). 

We have the following result. 

Lemma 8 For a poset P in PDB(G), there exists a Poset Q in [d-can(G), d-neu(G)] such that 

for any x, y (E V(Q), x <Q y if and only if x <p y and x "~d-neu(G) Y-

Proof. We construct a poset Q from P as follows: (I)V(P) = V(Q) (2)if x <p y and x <d-neu(G) Y, 
then x <Q y. Then Q is the intersection of P and d-neu(G).. Therefore Q is a poset in PDB (G) 
and Q Ez- [d-can(G), d-neu(G)]. E-1 

 Noting that a poset Q of Lemma 8 is obtained from P by d-deletions only, we know that the poset 
P is obtained from Q by d-additions only. Thus we have the following result. 

Proposition 9 Let G be a DB-graph with an upper kernel UKDB(G) and a lower kernel 
LKDB(G). If V(G) - (UKDB(G) U LKDB (G)) = JU17 U2, U37 V1, ---, VO satisfies the following 
conditions, then r(PDB(G)) = Ed + FEd /2]:                                1 2 

(1) Ma(ui) D Ma(uj) and Mi(uj) C Mi(uj), or Ma(ui) D Ma(uj) and Mi(uj) 9 Mi(uj) for 
   I < i < j < 37 

(2) Ma(ui) 11 Ma(vj) or Mi(uj) 11 Mi(vj) for Vi = 1, 2,3 and Vj = 11 ... In. or 
(3) Ma(vi) ;6 Ma(vj) and Mi(vi) ~~- Mi(vj) for Vi, j (i =/4 j).

Proof. By Lemma 8, for a poset P E PDB (G), there exists a poset Q E [d-can(G), d-neu(G)] 
such that dDB (P, Q) < Ed. By the condition (1), Ed = 3. Let R be a poset in PDB(G), whose                     - 1 2 

relations are the relations of d-can(G) and the followings: U1 <-R U3, U1 :~R U2 and U2 :~R 
U3. Then for any poset Q c [d-can(G), d-neu(G)], dDB (Q, R) ::~ 2 = [Ed/2]. Therefore for a 

2 poset P E PDB (G), dDB (P, R) < dDB (P, Q) + dDB (Q, R) < Ed + [Ed/2]. By Proposition 6, 
2 r(PDB (G)) = Ed + [rd/2]. 

              1 2
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